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1 Introduction

When an autonomous UAV is used for surveillance and reconnaissance the
problem of controlling the path and sensor must be solved in an intelligent
manner. In this report the problem is analysed for a UAV with gimballed
EO/IR sensors. An information-theoretic approach is investigated and exten-
sive simulations are presented.

1.1 Background

The need for autonomous capabilities, such as on-board sensor data process-
ing, sensor management, and path planning, will increase in both manned and
unmanned platforms designed for future military operations. This as a conse-
quence of the increasing use of sensors in combination with limitations in terms
of bandwidth and human operator capacity.

Concurrent sensor and path planning, taking into account both platform
and sensor constraints as well as threats and environmental conditions, is a
very demanding task. Even more demanding is the capability to dynamically
adapt and replan the sensor utilization and the platform trajectory in response
to changes in the environment. Our working hypothesis is that integration of
the detection-recognition chain with spatial awareness enables intelligent au-
tonomous data acquisition by means of active sensor control and path planning.

1.2 References and Further Readings

The research field of UAV path planning and cooperation attracts a lot of at-
tention and the number of publications is rapidly increasing. However, the
problem of concurrent path and sensor planning is still a rather unexploited
area. An introduction to the UAV surveillance and reconnaissance problem is
given by Ulvklo et al. in [46] where the path and sensor planning challenges
in UAV surveillance are discussed. Nygårds et al. [32] gives an overview of re-
search fields and communities related to path planning and/or sensor planning.
The report also includes a survey of methods, techniques and approaches to
path and sensor planning.

One of the methods, an information-theoretic approach, proposed by Gro-
cholsky in [16], is analysed in depth by Skoglar et al. in [40]. Although
information-theoretic approaches have been applied to path planning problems
before, the focus on concurrent sensor and path planning is new in [40]. A
detailed presentation of information theory, information filter and utility func-
tions can be found in Manyika [28] and an alternative approach is sketched in
Chapter 11.

With the goal to solve the complete path and sensor planning problem, all
parameters considered, the present work focus on target position estimation
with bearing-only sensors. This problem still captures many of the important
aspects of optimal sensor control. During the last six decades substantial re-
search was published on optimal observer trajectory for bearings-only tracking.

1
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Applications can be found in passive sonar and EO/IR tracking and in aircraft
navigation systems. Typically, the problem is to estimate the position, and
possibly the velocity, of a target, based on a sequence of noisy measurements
from a bearings-only sensor mounted on a moving sensor platform, see e.g.
[35, 44, 33] for more recent papers on this subject.

Grocholsky, [16], stated the 2D single object localization problem, together
with a proposed method for area coverage surveillance. There he formulated
the path planning problem as an optimal control problem. The example in
Chapter 4 are from [16], as well as the area coverage idea in Chapter 5.

Optimal control is a keyword in the following chapters and the reader who
wants to get a detailed exposé of solutions of the optimal control problem by
parametrization of the control signal is referd to the book by Bertsekas, [8].

The gimballed sensor system that serves as pattern in Chapter 8.2 is pre-
sented in detail by Skoglar in [39].

1.3 Outline

Chapter 2 gives an introduction to the UAV surveillance and reconnaissance
problem. In particular, the path and sensor planning challenges in UAV surveil-
lance are discussed. This chapter is a summary of [46]. Chapter 3 introduces
the information theory and the optimal control problem. In Chapter 4 the
problem of optimal observer trajectory for bearings-only localization is consid-
ered. The problem is formulated as an optimal control problem. The effects
of different utility function and time horizon are discussed. Furthermore, the
models are extended to n objects and a 3D representation. Chapter 5 considers
the area coverage problem and an area model is introduced. Chapter 6 focuses
on planning the UAV path on a larger scale. The Traveling Salesman Prob-
lem (TSP) and the Weight Constrained Shortest Path Problem (WCSPP) are
applied to UAV survelliance. In Chapter 7 a planning hierarchy is introduced
based on the NURBS path representation. Some optimization aspects are also
discussed. Chapter 8 and 9 consider the problems with limited field-of-view
and occlusion, respectively. Models are presented and the method is extended
with a sensor gazing representation. Chapter 10 shows the simulation results
of some different surveillance missions. Chapter 11 aims at showing that the
information filter approach has a much wider scope and validity than it was
originally designed for. Finally, Chapter 12 summarizes the results and give
suggestions for future work are given.

1.4 Contributions of this report

The present work continues earlier work of Skoglar et al. presented in [40]. To
make the report at hand selfcontained the background material is presented in
chapters 3, 4 and 5. Chapter 2 summarizes the work of Ulvklo et al. [46]. New
material is found in Chapters 6 to 11. Chapter 6 applies graph search methods
to the UAV surveillance problem. Chapter 7 is revised and rewritten and new
material added, e.g. a planning hierarchy is introduced based on the NURBS
path representation and optimization aspects are discussed. The Chapters 8
and 9 are substantially expanded since the subjects were presented in one
single chapter in [40]. The Section 8.1 is new, and so is the image projection
model in Section 8.4.1. In Chapter 9 more advanced occlusion models are
presented in Sections 9.3 and 9.2. The simulations in Sections 10.2 and 10.3
are new. Chapter 11 consider theoretical aspects of the information theoretical
approach.

2
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2 Path and Sensor Planning for a UAV with
EO/IR Sensor

This chapter gives an introduction to the UAV surveillance and reconnais-
sance problem. In particular, the path and sensor planning challenges in UAV
surveillance are discussed. In the current context, we define path planning
as planning of the UAV platform trajectory, i.e. path, velocity, etc., whereas
sensor planning is defined as planning of a gimballed EO/IR sensor, including
gaze direction, focus, zoom, contrast, etc.

2.1 Signal Processing and Surveillance Tasks

The system-oriented research at FOI puts special emphasis on EO/IR image
processing and control mechanisms to enhance the level of autonomy in UAV
surveillance. Research topics under consideration include:

• Reduction of the amount of data distributed from a sensor node, such
as a UAV with EO/IR sensors, so that a network centric system is not
overloaded.

• Development of sensor related network services that use advanced sensor
data processing to concurrently solve problems such as area coverage,
detection, association, tracking, geolocation, change detection, and clas-
sification.

• Improvement of data acquisition and sensor data analysis, using network
distributed prior knowledge and complementary sensor data in the low
level processing of a sensor node with controllable EO/IR sensors.

• Incorporation of real-time sensor data analysis in path planning and sen-
sor management in order to improve the data acquisition process.

• Optimal utilization of surveillance imagery in precision targeting.

The research strives to develop a system architecture for UAV signal pro-
cessing that incorporates these aspects. Sensor and platform planning are key
components in such an architecture. Basic image processing capabilities re-
quired to implement such performance enhancements are described in [46].

2.2 Enhanced Levels of Autonomous Planning

The long term goal of the research on UAV surveillance at FOI is a frame-
work for autonomous sensor management, designed to enhance the capability
to handle multiple concurrent surveillance requests and raise the level of auton-
omy. A number of arguments are given here to describe limiting factors in UAV
surveillance of today and point out enhanced capabilities with the introduction
of higher level of autonomy in sensor and platform planning.

3
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• The ability to manually control the sensor system and laser designator
of some UAV systems is limited due to long round-trip latencies in com-
munication link systems (mostly SATCOM related). Automatic tracking
and high precision sensor pointing would significantly improve the per-
formance of such systems.

• A human operator is limited to executing only a few tasks in parallel. Fast
scheduling between parallel requests requires autonomous sensor control
without the human transition time related to context changes. A typi-
cal example is a human operator detecting a number of ground targets,
zooming in on one and at the same time losing the others out of sight. A
fast man-machine interaction using a multi-target tracking system com-
bined with autonomous sensor control would significantly enhance the
performance in such a scenario. This is a critical capability when imple-
menting many weapon engagement concepts based on Network Centric
Warfare with online target position updates.

• Cueing and sifting mechanisms capable of detecting, tracking, and ge-
olocating multiple ground targets would be of great importance in time
critical situations to help the image analyst focus on relevant parts of the
surveillance data. Integration of this detection-recognition chain with
spatial awareness makes intelligent data acquisition possible by means of
active sensor control and path planning. This is of considerable impor-
tance for achieving useful autonomous surveillance systems.

• Geolocation of stationary and moving ground targets can improve sig-
nificantly by including prior knowledge in the estimation process, such
as georeferenced imagery and other landmarks. Further improvements
can be achieved by integrating the association process with active sen-
sor management. The system will then autonomously schedule sensor
resources between different surveillance and geolocation tasks.

• In some advanced future applications, the synchronization between the
platform trajectory and the sensor control system will be critical. A typ-
ical UAV application related to this problem is low flight altitude surveil-
lance in urban warfare. Very narrow time slots for the sensor control,
due to the high degree of occlusion from buildings, require autonomous
sensor planning and control to establish guaranteed ground coverage of
the streets.

• Successful interaction between multiple UAV surveillance platforms and/or
weapon platforms is strongly dependent on a proper representation of the
surveillance scene. Decreased time to initiate engagement quality tracks
of moving targets would be a direct benefit of sensor data exchange and
autonomous sensor and platform planning.

• The ability to dynamically re-plan surveillance missions to accommodate
new or updated requests for information will be a basic requirement of
autonomous surveillance systems in the future. Being able to re-plan
also permits servicing self-initiated surveillance requests based on target
indications or other unexpected events in the imagery. This is a required
basic component to enable weapon engagement of high-value time critical
targets.

4
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Figure 2.1: An overview of necessary signal processing components in autonomous
UAV surveillance.

2.3 Surveillance services

Depending on priority, threat level, and flight-time, a new in-flight requested
surveillance information service would require allocation of accessible surveil-
lance resources to meet the request for new sensor data. The provider of
the surveillance services is the signal processing and control system onboard
the UAV itself, or related ground stations, depending on the level of auton-
omy of the system. However, planning, synchronization and management of
surveillance resources over a larger area-of-responsibility is a very demanding
procedure.

A client/server approach, designed for managing adaptable surveillance mis-
sions, is introduced in [46]. The framework is based on a relationship between
information consumers, who dispatch surveillance client requests, and a service
provider, responsible for surveillance server responses (see figure 2.1).

Figure 2.2: Different types of search patterns for surveillance requests in the area of
responsibility (AOR).

2.3.1 Surveillance Requests

Surveillance client requests can be categorized using three different criteria:
search pattern, task, and origin. The definition of different search patterns we
use follows traditional air reconnaissance standards. Given an area of respon-
sibility (AOR), four different surveillance search patterns are defined:

5
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Pinpoint A limited area around a reference point, known within 100
meters.

Strip search A task along a straight line between two reference points.
Line search A task along a communication route, e.g. a railway or road.
Area search A task over a larger terrain, sea, or urban area.

Figure 2.2 illustrates a surveillance mission with multiple target areas. Given
a specific search pattern, four different task categories with associated report
requirements are defined:

A: New target All target features should be reported.
B: Change detection Subset of all features.
C: Attack planning Requested features.
D: Damage assessment Depending on target type.

Only categories A and B are today under consideration in the architecture due
to the complexity of C and D. Therefore, there are totally eight combinations
of task and search pattern possible in a surveillance request. From a planning
point of view, client requests can be generated in three different ways:

Pre-planned Requests given before take-off of the UAV plat-
form.

In-flight external New requests given during the implementation of
the mission.

In-flight self-initiated New requests initiated by the system itself. An
example is a closer scrutinization of ROIs gener-
ated from detection of ground targets.

2.3.2 Surveillance Responses

Depending on available bandwidth and the customer’s ability to interpret the
imagery, the surveillance client responses consist of surveillance imagery in
combination with target meta-data, such as geocoordinates, velocity and target
type. Examples are:

• Overviews, such as video mosaics.

• High-resolution multi-view imagery for pinpoint requests.

• High-resolution multi-view imagery of detected ROIs.

• Change detection versus previous flights.

• Recurrent updates of surveillance information.

2.4 Autonomy Domain Constraints

Up to now, autonomous systems have mainly been categorized in terms of
capabilities or “intelligence”. The Air Vehicle Directorate at AFRL has in-
troduced the notion of autonomous control level, ACL, and describe ten such
levels, ranging from remotely piloted vehicles to fully autonomous swarms of
UCAVs [45, 10]. In [10], Clough argues that the degree of autonomy of a UAV
should be expressed in terms of to what extent it can replace humans in the
OODA (observe, orient, decide, and act) loop.

In traditional airborne surveillance, air traffic in an AOR is very restricted
and controlled. To be able to introduce an autonomous system into the airspace,
one must clearly define that system’s freedom of action and movement. To that
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end, we introduce the Autonomy Domain Constraint, ADC, which defines the
domain of autonomy in terms of freedom of action and movement.

The most restrictive, zero-level ADC, permits only basic automatic func-
tions, such as pre-programmed platform control using way-points, and pre-
programmed or manual sensor control. The first level ADC applies to au-
tonomous control of a sensor system. An example is vision-based feedback for
solving multiple concurrent sensing tasks, e.g. multi-target tracking where not
all targets are simultaneously in the field of view. Some sort of scheduling
mechanism is then required for prioritizing and sequencing concurrent tasks.
This level of ADC does not affect the actual platform trajectory, only sen-
sor and signal processing control. In the case of active sensors, e.g. radar or
laser, planning may have to take into account the risk of being detected. The
second level ADC incorporates short-term platform trajectory planning in com-
bination with sensor planning, for single or multiple platforms. The platform
adheres to a predefined long term flight plan but modifies it locally in space
and time to fit the current task. A flight corridor limits the platform autonomy
in space and time. A third level ADC also includes long term planning of mis-
sions with multiple surveillance client requests. At this level of autonomy, an
in-flight generated new request might completely change the ordering between
the surveillance tasks of the mission. To summarize:

• ADC 0 Pre-programmed or manual control of platform and sensor.

• ADC 1 Sensor planning and servoing, and pre-programmed platform con-
trol.

• ADC 2 Short term platform planning (within free flight corridor) and
ADC 1.

• ADC 3 Long term platform planning (within free airspace in AOR) and
ADC 2.

2.5 Planning Objectives and Operating Modes

Section 2.3 discusses different objectives, tasks, requests and search patterns.
They can be divided into two classes of request modes, Surveillance & search
and Tracking & data acquisition. Surveillance & search in turn can be divided
into area search, strip search, line search, and pinpoint. Tracking & data
acquisition involves multi-target tracking, precise target coordinate generation,
and detailed ROI data acquisition.

To successfully plan and perform these tasks autonomously, some operating
modes that facilitate the planning and navigation are also required. Thus, we
introduce a Planning & navigation support mode that builds and maintains
a world model that the planning optimization and navigation estimation are
based on. This mode is, for instance, performing probing actions, occlusion
estimation, obstacle detection and map building.

Hence, we have three classes of operating modes:

• Surveillance & search

• Tracking & data acquisition

• Planning & navigation support

At the sensor level only one mode is executed at a time. However, several tasks
requiring different modes may simultaneously be requesting the sensor resource,
and the planning must therefore incorporate some kind of sensor scheduling to
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allow the system to quickly switch between different modes. The planner does
not necessarily require an explicit scheduler; approaches may exist where the
scheduling behaviour is a natural part of the planner framework.

2.6 Planning Constraints

The planning optimization process is affected by planning constraints. We have
identified six classes of constraints:

• Platform constraints are associated with the UAV platform, such as dy-
namic, kinematic, nonholonomic, and fuel constraints.

• Environmental constraints define areas where the platform cannot or
should not be, and thus include geometric constraints, accessibility con-
straints, obstacle avoidance, and threat avoidance. Also the autonomy
domain constraints, discussed in Section 2.4, belong to environmental
constraints.

• Viewpoint constraints define areas where visibility is reduced relative
some task, for instance due to occlusion, distance, and viewing angle.

• Sensor constraints are associated with the gimbal, e.g. dynamic and
kinematic constraints, and to the sensor itself, such as field-of-view, res-
olution, and contrast.

• Target constraints are associated with properties that affect the detectabil-
ity of the target, e.g. target motion and pixels over target.

• Timing constraints affect all aspects of planning from platform to sensor.

2.7 Path and Sensor Planning Levels

In Section 2.3 four different search patterns were mentioned. Consider a
line search example, road surveillance. This involves searching for targets
along a road and gathering detailed information (high-resolution images, geo-
referenced position, etc.) of detected targets. Problems in this surveillance
task could be threats and occlusion due to trees, buildings, or terrain masking.
The controller must be able to handle uncertainties, such as partially unknown
occlusion and road position.

Prior information, e.g. GIS data and prior imagery, Figure 2.3 (a), is useful
in the initial planning 2.3 (b), but as the surveillance process progresses it is
necessary to look ahead 2.3 (c) and adjust the plan 2.3 (d) due to uncertainties
and errors in the prior information. Performance measurements are needed
to verify mission success. For instance, a high detection probability can be
achieved without necessarily covering every square meter of the road or the
ground.

A successful solution to the road surveillance scenarios above should display
properties such as probing, caution and reactive behaviour. Probing represents
actions to enhance estimation precision in order to improve overall performance
in the future. Caution is acting so as to minimize the consequences of erroneous
assumptions about the state of the environment. Reactive behaviour means
adapting to changes in a dynamic and uncertain environment, e.g. focusing
attention on detected targets. Probing and caution are properties of dual
controllers as described by, for instance, Maybeck [30].

This discussion motivates a decomposition of planning into the following
functional and temporal hierarchy:
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(a) (b) (c) (d)

Figure 2.3: Road surveillance scenario. (a) Prior information. (b) Initial plan based
on prior information. (c) “Probing”, i.e. look ahead and update the world model, is
necessary. (d) Replanning is required by new detected visibility and environmental
constraints.

1. Long-term platform path planning considering prior knowledge, threats,
pre-planned surveillance requests and time constraints.

2. Short-term platform path planning and long-term sensor planning, con-
sidering the long-term path plan, trajectory smoothing, detected threats,
visibility, occlusion, probing, collision avoidance, and dynamic surveil-
lance requests.

3. Reactive platform path planning and short-term sensor planning, consid-
ering the short-term path plan, trajectory smoothing, occlusion, collision
avoidance, and gaze planning.

4. Reactive sensor planning, considering focus, zoom, contrast, and gaze in
addition to the superior path and gaze plan.

The long-term path planning (level 1) is primarily deterministic and can be
computed off-line. This plan might be manually prepared. Also the reac-
tive sensor planning (level 4) may be considered separate from the other lev-
els. However, the levels 2-3 represent a very challenging problem due to their
stochastic nature, on-line computational demands, and reliance on sensor data
analysis. Also, there is a strong coupling between the sensor and path plan-
ning, as well as between the planning levels. Consequently, the planning for
levels 2-3 must be considered as one single problem.

In this section we have only considered a line search example. We believe
that the discussion here can also be applied to the other search patterns; area,
strip, and point.
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3 Information Theory and Optimal Control

In this chapter, the optimal control problem based on the information criterion
is formulated. First the concept of information is introduced and how it is
used in optimal control, and this results in a utility function from information
theory, which should be optimized in the optimal control problem.

3.1 Information Theory

Technically, information is a measure of the accuracy to which the value of a
stochastic variable is known. There are two commonly used formal definitions
of information, the Entropic information and Fisher information.

3.1.1 Entropic Information

Entropic information is defined from entropy. The entropy (or Shannon infor-
mation) h(x) associated with a probability distribution p(x) = pX(x), where
X is a random variable, is defined as [27]

h(X) ≡ −E{log p(x)} = −
∫

RN

p(x) log p(x)dx (3.1)

(the continuous case). Entropic information i(X) is simply the negative of the
entropy

i(X) ≡ −h(X), (3.2)

i.e. information is maximized when entropy is minimized. When the proba-
bility distribution of an n-dimensional state X is Gaussian, with mean m and
covariance matrix P , the entropic information becomes [16]

i(X) = −h(X) = −1
2

log
(
(2πe)n detP

)
. (3.3)

Of particular interest in estimation theory is the entropy of the posterior dis-
tribution p(x|Zk) where x is the state vector and Zk = {z(k), z(k−1), ..., z(1)}
is the set of all observations up to time k. Using Bayes’ theorem

p(x|Zk) =
p(z(k)|x)p(x|Zk−1)

p(z(k)|Zk−1)
(3.4)

(assuming z(k) is independent of Zk−1, conditioned on X) an interesting re-
cursion relation is obtained

i(X|Zk) = i(X|Zk−1) + E

{
log

p(z(k)|x)
p(z(k)|Zk−1)

}
(3.5)

The second term on the right hand side is defined as the information about X
contained in the observation z(k), or the mutual information I(X, z(k)) of x
and z(k). Thus, the entropic information following an observation is increased
by an amount equal to the information inherent in the observation.
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3.1.2 Fisher Information

The (expected) Fisher information of a n-dimensional family p(y, θ) of dis-
tributions at the parameter value θ ∈ Rn, is defined as the matrix I with
components

Iij(θ) ≡ Eθ
{
∂θi log p ∂θj log p

}
(3.6)

where Eθ denotes expectation w.r.t p(y, θ). This is well-defined for discrete as
well as continuous distributions. For a single continuous distribution p(y) on
Rn, this may be applied to the translational family p1(y, θ) = p(y− θ) leading
to constant (i.e. θ-independent) values

Iij =
∫
∂θi log p1 ∂θj log p1 p1 dy =

∫
∂yi log p ∂yj log p p dy (3.7)

This is the case treated in the present report.
Fisher information gives a measure of the amount of information about X

given observations Zk up to time k and the probability distribution p(Zk,x).
The definition of the Fisher information I(k) is for random state variable x

I(k) = −E
{
∇x∇T

x log p(Zk,x)
}
= −E

{
∇x∇T

x log p(x|Zk)
}

(3.8)

and for non-random parameters x the definition is

I(k) = −E
{
∇x∇T

x log p(Zk|x)
}

(3.9)

The inverse of the Fisher information is the Cramer-Rao lower bound and
it is useful in estimation; it bounds the mean square error of any unbiased esti-
mator of X. In the Gaussian distribution case, the Fisher information becomes
simply the inverse of the covariance, i.e. I(k) = P−1(k|k). The relationship be-
tween entropic information and Fisher information for a Gaussian distribution
is then

i(k) = −1
2

log
(
(2πe)n detP (k|k)

)
=

1
2

log
(
(2πe)−n detI(k)

)
. (3.10)

In this report we assume Gaussian distributions and the information matrix
is defined as

Y = Y (t) = I(x(t)). (3.11)

3.2 The Information Filter

The information matrix Y (t) is updated by observations of objects. Let the
states to be observed be the vector x(t) and the observations are in the ob-
servation vector z(t). The observation z(t) is a function of the observed states
x(t) and some observation noise v(t) as [16]:

z(t) = h(x(t),v(t)). (3.12)

The sensor making the observation is a bearings-only sensor, which can only
make observations about the angle to the objects. The function h is a nonlinear
function since it is the observed angle, ϕ̃(t), which is the real angle, ϕ(t), plus
the noise:

h(x(t),v(t)) = ϕ̃(x(t),v(t)) = ϕ(x(t)) + v(t). (3.13)

The observation noise v(t) is modelled as white noise with covariance R. The
nonlinear function is linearized about nominal states xn(t) and zn(t) as in
Grocholsky [16]:
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δz(t) = H(t)δx(t) +D(t)v(t). (3.14)

Where

H(t) =
∂h
∂x

∣∣∣∣
x(t)=xn(t)

v(t)=0

and D(t) =
∂h
∂v

∣∣∣∣
x(t)=xn(t)

v(t)=0

(3.15)

and the new linearized states are

δx(t) ≡ x(t) − xn(t)
δz(t) ≡ z(t) − zn(t).

The H-matrix is called the linearized observation matrix and the D-matrix is
the linearized observation noise matrix. The reason for the linearization, is that
the information filter equations are linear. The linearized filter equations are
detailed in Manyika and Durrant-Whyte [28] and simplified in Grocholsky [16],
and describes how the expected information I(t) is related to the observations,
which is

I(t) = H(t)TR−1H(t). (3.16)

The information matrix is updated not only by the observed information,
but there are losses due to process noise and the system dynamics as well. First
consider the system equations

ẋ(t) = f(x(t),u(t),w(t)), (3.17)

where x(t) is the states, u(t) is known control inputs and w(t) is the process
noise, the latter is assumed to be a zero mean uncorrelated Gaussian process
with covariance Q. The function f is a system of non-linear differential equa-
tions, that could be linearized about nominal states xn(t) and nominal control
signals un(t) as

δẋ(t) = F (t)δx(t) +B(t)δu(t) +G(t)w(t). (3.18)

The matrix F (t) is the linearized state transition matrix, B(t) is the linearized
input matrix and G(t) is the linearized noise matrix. These are given by

F (t) =
∂f
∂x

∣∣∣∣ x(t)=xn(t)

u(t)=un(t)

w(t)=0

, B(t) =
∂f
∂u

∣∣∣∣ x(t)=xn(t)

u(t)=un(t)

w(t)=0

and G(t) =
∂f
∂w

∣∣∣∣ x(t)=xn(t)

u(t)=un(t)

w(t)=0

(3.19)
where

δx(t) ≡ x(t) − xn(t)
δu(t) ≡ u(t) − un(t).

(3.20)

Given these matrices, the update law of the information matrix Y (t) is given
in [16] as:

Ẏ (t) = −Y (t)F (t) − FT (t)Y (t) − Y (t)G(t)Q(t)GT (t)Y (t) + I(t) (3.21)

where I(t) is given in (3.16). This is the continuous version of the prediction
and update states of the information filter which is described in [16] and [28].
Since R and Q are positive semi-definite, the process noise cannot gain any
information and observation cannot lose information. However, the system
dynamics in F could lose or gain information over time.
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3.3 Information Matrix and Utility Function

Let
Y = Y (t) = I(x(t)) (3.22)

be the information matrix throughout this report. In order to maximize the
“information” a utility function, giving a scalar value suitable for comparison,
is needed. For a discussion of the properties of utility functions, see e.g. [27].
The utility function must combine or weigh the elements or eigenvalues of the
information matrix or its inverse. The determinant of the information matrix
is an example of a utility function and the problem can be expressed as

max (detY ) (3.23)

Two alternatives are maximizing the trace and minimizing the trace of the
inverse, i.e.

max (trY ) (3.24)

and

min (trY −1) (3.25)

respectively.
Let {λ1, . . . , λn} be the eigenvalues of the information matrix Y . The utility

functions in (3.23), (3.24) and (3.25) can then be expressed in terms of the
eigenvalues:

detY =
n∏
i=1

λi, (3.26)

trY =
n∑
i=1

λi, (3.27)

trY −1 =
n∑
i=1

1
λi
, (3.28)

respectively. The information matrix has non-negative eigenvalues, since it is
defined as the expectation of a non-negative matrix.

In the Gaussian distribution case, the utility function based on the determi-
nant (3.23) is equivalent with maximizing the entropic information, see (3.10).
Entropy is a appropriate measure due to its general applicability and result-
ing preference profiles [27]. However, as can be seen from (3.26), and (3.27),
there are drawbacks. A poorly scaled information matrix could give high in-
formation even when some eigenvalues are small in comparison. In the object
localization case, this corresponds to a position uncertainty that is very small
in some directions, but very large in other. Thus, despite large information,
the object can not be considered as satisfactory localized. This motivates the
use of alternative utility functions, e.g. (3.28). Another utility function that is
working on the smallest eigenvalue is

max (min (eig Y )). (3.29)

However, this alternative works bad when the problem grows and several ob-
jects are included in the model.

14



FOI-R--1741--SE

3.4 Optimal Control

3.4.1 The General Optimal Control Problem

The general optimal control problem could be expressed simply as “choose the
control signal such that the system behaves as good as possible” [15]. In math-
ematical terms, the problem can be formulated as in Glad and Ljung [15]:

Given initial conditions:

x(0) = x(t0) (3.30)

System equations:

ẋ(t) = f(x(t),u(t)) (3.31)

Subject to constraints:

ψ(x(t),u(t)) = 0 (3.32)
g(x(t),u(t)) ≤ 0 (3.33)

The criterion function to minimize is:

J(x(t),u(t)) = φ(x(tf )) +
∫ tf

t0

L(x(t),u(t)) dt (3.34)

The solution to the optimal control problem would be:

min
u(t)

J(x(t),u(t)), (3.35)

subject to the constraints (3.32) and (3.33).

3.4.2 Optimal Control In Path Planning

The criterion function J in (3.34) is the utility function discussed in Section 3.3,
if the utility function is modified such that it is minimized. A maximum prob-
lem, could always be converted into a minimum problem,

max g(x) = −min(−g(x)), (3.36)

and in the implementation, the utility functions that required a maximization,
like maximizing the determinant, were converted into minimum problems.

The solution to the optimal control problem is affected by the choice of
utility function and the idea is to find a control signal, or sequence of control
signals, that maximizes information. However, the optimization is done over a
pre-defined optimization time, called the time horizon denoted by tf , and it is
only of interest to consider the information at the time horizon tf . Therefore
the criterion function is a function of the time horizon only and L in (3.34) is
equal to zero, i.e.

J = J(tf ) = φ(x(tf )). (3.37)

Most optimal control problems require a numerical solution and by parametriz-
ing the control signal into m steps in every optimization, an approximate so-
lution will be found, for details see Bertsekas [8]. The idea is now to find a
sequence of control steps ui that maximizes information at the time horizon tf
as in Grocholsky [16]:

ui(t) = piχi(t), i = 1, . . . ,m. (3.38)

15



FOI-R--1741--SE

Where χi simply holds the control variable over m equal time steps ∆tu as

χi(t) =
{

1 if (j − 1)∆tu ≤ t ≤ j∆tu
0 otherwise , ∆tu =

tf − t0
m

. (3.39)

The optimal control problem in (3.35) is now converted into a nonlinear pro-
gramming problem [16]:

min
p
J(p) = φ(x(tf )) +

1
2
∆tx

m·nsteps∑
i=1

(Li(xi,uk) + Li−1(xi−1,uk)), (3.40)

subject to the constraints in (3.32) and (3.33), where p = [u1, . . . ,um] is the
parameter vector and ∆tx = ∆tu

nsteps
, {nsteps ≥ 1} is the time between the

evaluations of the states, and k is the control index. The original optimal
control problem is now in the form of mathematical programming problem
[16]. In the path planning problem, L is zero, but it is given for generality.

There are no equality constraints as in equation (3.32), but there could be
inequality constraints as in equation (3.33), with the control signals bounded
as

umin ≤ ui ≤ umax, (3.41)

since it is reasonable that the movement of a UAV is restricted by its dynamics.
In Chapters 4 and 5 the optimal control problem is solved by Matlab’s Op-

timization Toolbox. If there are no bounds on the control signal, the problem
is considered to be a unconstrained problem, solved by the function fminunc.
When the problem is constrained, the problem is solved by the function fmin-
con. A constrained problem can also be solved as a unconstrained optimization
problem if the bounds are included as penalties in the utility function.

3.4.3 Gradient Determination

The functions in Matlab’s toolbox uses the gradient ∇pJ and the Hessian ∇2
pJ

in order to find the local minimum. The use of the gradient will help the op-
timizer to reach a minimum in terms of efficiency and reliability. This can be
done in two ways, either by letting the optimizer calculate the gradient and
Hessian itself as a numerical solution, or by giving the analytical expressions
explicitly. The first method requires no knowledge of the partial derivatives
with respect to state and control vectors. However, the drawback is the compu-
tational load. For the latter method, the details are given here for the gradient,
the details for calculating the Hessian are given in Grocholsky [16].

Differentiating (3.40) (L = 0) with respect to p gives:

(∇pJ) =
∂φ(x(tf ))
∂x(tf )

∂x(tf )
∂p

(3.42)

The first part of (3.42) is simply the derivative of the criterion function with
respect to each state at the time horizon tf . The second part is derived from
(3.31) by applying the chain rule, which gives:

d
dt
∂x
∂p

=
∂f
∂x

∂x
∂p

+
∂f
∂u

∂u
∂p

, with
∂x
∂p

∣∣∣∣
t=t0

=
∂x0

∂p
(3.43)

By the use of a Heun scheme, the first order sensitivities could be calculated
as:
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∂xi
∂p

=
[
In−

1
2
∆tx

∂fi
∂xi

]−1[[
In+

1
2
∆tx

∂fi−1

∂xi−1

]
∂xi−1

∂p
+

1
2
∆tx

(
∂fi
∂uk

+
∂fi−1

∂uk

)
∂uk
∂p

]
,

where In is a (n × n) identity matrix, ∆tx is the time between each state
evaluation, and ∂f

∂x are the derivatives of the system equations with respect to
each state and ∂f

∂u with respect to the control signal.

17





FOI-R--1741--SE

4 Optimal Path for Bearings-only
Localization

In this chapter a single vehicle is considered, and the task is to localize a feature
in the xy-plane with a bearings-only sensor. This is done by seeking control
action of the vehicle that maximizes the information as described in Chapter 3.

The examples illustrate information as a performance metric and the effect
of varied optimization time horizons. Different utility functions are evaluated
and the difference between analytical implementation of the gradient and nu-
merical calculation is examined. First the third dimension is ignored and the
vehicle and the feature is defined in the xy-plane, then a constant altitude of
flight is added. Also the case with n objects is considered, where the path is
planned such that all objects are to be localized simultaneously.

4.1 System Models

This 2D single object localization example and the models are from Grocholsky
[16]. The vehicle and the object are here assumed to be in the same plane.

4.1.1 Sensor Platform Model

The sensor is attached to a sensor platform (also called vehicle) moving in the
xy-plane with constant velocity V . The location [x y]T and the direction of
the vehicle are described by the state xs(t), Figure 4.1. The vehicle’s heading

Figure 4.1: 2D vehicle model

is modelled by ψ, the angle between the head of the platform and the X-axis.
The rate of change of the platform heading ψ̇ is the control variable. The
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equations describing the sensor platform are summarized as

xs(t) =

 x(t)
y(t)
ψ(t)

 , xs(0) = x0
s

u(t) = ψ̇

ẋs(t) =

 V cos(ψ(t))
V sin(ψ(t))

u(t)

 .
(4.1)

In real life applications the coordinates of the vehicle is given by GPS/INS
and navigation uncertainty should be included in the vehicle model. However,
adding this to the model yields a much more complex problem to solve and is
saved for future work.

4.1.2 Feature Model

The feature is represented by a stationary point xf = [xf yf ]T in the xy-
plane. The uncertainty of the location is captured in the covariance of a two
dimensional Gaussian distribution Pf (t). In the information filter, this is rep-
resented by an information matrix Y (t) as the inverse of the covariance as

Y (t) = P−1
f (t). (4.2)

Since a Gaussian distribution is assumed, the entropic information and the
Fisher information are the same according to (3.10), and there is no need to
distinguish between them.

The feature process model is

ẋf (t) = ω(t), (4.3)

where the process noise ω(t) is a zero mean Gaussian process with uncorrelated
covariance Q(t). The process noise may have been omitted, if the object is
stationary, but is included to allow flexible estimator design. The impact of
incorrect information will be lower and the effect of the new information gained
will be stronger.

The position uncertainty can be represented by an ellipse about the esti-
mated location of the object. When planning the next optimization step, the
path is calculated under the assumption that the true location of the object
is the estimated location. This is not true in a real life application, since the
object position is not known and could be in the outer range of its uncertainty
ellipse, and the path would then not be optimal. This problem must be con-
sidered in future work. Instead of having a Gaussian distribution representing
the uncertainty, one could instead use a sum of Gaussian with different weights
which gives a more accurate model.

4.1.3 Sensor Model

The vehicle carries a sensor that makes observations of the feature. The obser-
vation is the bearing of the feature, i.e. the relative angle to the feature, which
could be calculated as the angle from the X-axis to the feature θ minus ψ as
shown in Figure 4.2. The observation model is then, from (3.12) and (3.13),

z(t) = h(xf ,xs) (4.4)

h(t) = θ(t) − ψ(t) + ν(t) = arctan2(
yf − ys
xf − xs

) − ψ(t) + ν(t) (4.5)
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Figure 4.2: 2D observation model

where ν(t) is a zero mean uncorrelated Gaussian process with variance R =
σ2. Taking the Jacobian with respect to the feature state gives the linearized
relationship between the sensed output and the states according to (3.15):

H(t) = ∇x̂f
h(xf ,xs)

=
[ −(ŷf − ys(t))
(x̂f − xs(t))2 + (ŷf − ys(t))2

,
x̂f − xs(t)

(x̂f − xs(t))2 + (ŷf − ys(t))2
]

=
1
r̂(t)

[
− sin θ̂(t), cos θ̂(t)

]
, (4.6)

with (x̂f , ŷf ) as the estimated feature location, and (r̂, θ̂) estimation of (r, θ)
respectively. The resulting observed information is derived according to (3.16)
as

I(t) = HT (t)R−1H(t). (4.7)

4.1.4 System Equations

The state of the system consists of the platform model and the information
matrix representing the uncertainty of the feature. The update of the vehicle
states xs is given in (4.1). The update of the information matrix is given
by (3.21). A comparison between the feature model in (4.3) with the general
expression in (3.18), yields F (t) = 0 and G = I (and B = 0). The update of
information is now reduced to

Ẏ (t) = −Y (t)QY (t) + I(t). (4.8)

The rate of change in information is some loss due to process noise and the
gain of information by observation. The matrices Y (t) and I(t) are symmetric
and Q is a diagonal matrix as

Y (t) =
[

Yx Yxy

Yxy Yy

]
, I(t) =

[
Ix Ixy
Ixy Iy

]
and Q =

[
Qx 0
0 Qy

]
.

(4.9)
The feature information matrix is symmetric and it is therefore sufficient to
calculate three of four values, which means that the states representing the
information would be

xinfo =

 Yx

Yxy

Yy

 . (4.10)

The equations derived for the evolution of the feature information combined
with the equations of the vehicle dynamics describe fully the system state and
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the augmented system equations become

ẋ(t) =
[

ẋs
ẋinfo

]
=



ẋ(t)
ẏ(t)
ψ̇(t)
Ẏx(t)
Ẏxy(t)
Ẏy(t)

 =


V cos(ψ(t))
V sin(ψ(t))

u(t)
−Y2

x(t)Qx − Y2
xy(t)Qy + Ix(t)

−Yx(t)QxYxy(t) − Yxy(t)QyYy(t) + Ixy(t)
−Y2

xy(t)Qx − Y2
y(t)Qy + Iy(t)

 .
(4.11)

The task is to reduce the uncertainty of the feature by maximizing informa-
tion. Introduce for example the determinant as utility function J(t) according
to (3.26) as

J(tf ) = det(Y (tf )) = Yx(tf )Yy(tf ) − Y2
xy(tf ). (4.12)

and maximize it at the time horizon tf .

4.1.5 Analytical Gradient

If the gradient would be given analytically, recall Section 3.4.3, the gradient of
the utility function in (4.12) would be

∂φ(x(tf ))
∂x(tf )

=
[

0 0 0 Yy −2Yxy Yx

]
. (4.13)

The gradient of the systems equations (4.11) is needed, and is given by

∂f
∂x

=



0 0 −V sin(ψ) . . .
0 0 V cos(ψ) . . .
0 0 0 . . .

4(ŷf −y)2(x̂f −x)
σ2r6

4(ŷf −y)3
σ2r6 − 2(ŷf −y)

σ2r4 0 . . .

− 4(ŷf −y)(x̂f −x)2
σ2r6 + (ŷf −y)

σ2r4 − 4(ŷf −y)2(x̂f −x)
σ2r6 + (x̂f −x)

σ2r4 0 . . .
4(x̂f −x)3
σ2r6 − 2(x̂f −x)

σ2r4
4(ŷf −y)(x̂f −x)2

σ2r6 0 . . .

0 0 0
0 0 0
0 0 0

−2YxQx −2YxyQy 0
−YxyQx −YxQx − YyQy −YxyQy

0 −2YxyQx −2YyQy

 (4.14)

where [x y]T is the vehicle’s position, [x̂f ŷf ]T is the feature’s estimated
position and r is the distance between the vehicle and the target, and

∂f
∂u

=
[

0 0 1 0 0 0
]T
. (4.15)

These are the equations needed to calculate the gradient ∇pJ according to
(3.42). One could realize that if the model is further complicated, it would be
very difficult to derive the expressions needed for the analytical gradient.

4.2 Information vs. Detection and Identification

Throughout this report, the task of the UAV is to detect, localize and iden-
tify objects on the ground. To represent the ability to identify targets, the
concept of information is introduced in the sense “the more information about
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an object, the more likely is the identification”. When an object is said to be
identified, there are sufficient number of pictures of the object that it could
be identified with methods from image analysis. There are no real images in
this work, instead the amount of information is connected to the uncertainty of
the target’s geometrical location. The terms“identify” and“detect” an object
would now be that the information value of the object is larger than pre-defined
threshold values.

4.3 Simulations

The initial conditions in (4.1) give the starting position of the vehicle and the
starting angle as the angle between the heading of the vehicle and the x-axis.
Let the vehicle start at the origin, and specify a desired starting angle. In the
simulation examples here the starting angle was set to π/2 [rad]

xs(0) =
[

0 0 π/2
]T
.

There must also be some starting information, since in order to plan how to
localize a target some information is needed. In other words, there is a need to
know that the target exists, otherwise it is hard to plan the path. The settings
used in the simulations are:

xf = [10 10] m Feature location (stationary).
V = 1 m/s Speed.

R = σ2, σ = 2.5◦ Observation noise.

Y (0) = I2×2 · 10−3 Starting information.

Q = I2×2 · 10−6 Process noise.
m = 2 Number of parameterized control signals

in each optimization step.
tf = 1 s Optimization time horizon.

|ui| ≤ 1 rad/s Control signal bounds.
J(tf ) = det (Y (tf )) Utility function.

These values are chosen for simplicity and are not values for real applications, it
is the principle that is interesting. The resulting path is presented in Figure 4.3
and the observed information and the parameterized control signal are shown
in Figure 4.4. The control signal is bounded and then the optimization is solved
by the function fmincon in Matlab Optimization Toolbox [29].

The solution is calculated as following. In each step, a control signal, param-
eterized into m equal long parts, will be calculated such that the information
at the time horizon tf is maximized, given the system equations and subject
to constraints. The first optimum will be a trajectory from the origin of length
V · tf = 1 m, and this point is reached by the optimal control signal consisting
of m = 2 steps. The first part of the control signal u1 is valid between the time
0 and tf/2 and the next part u2 is valid between tf/2 and tf . After the first
optimum is reached, and the states x have been updated, a new optimization is
done. The uncertainty of the feature location is plotted as an ellipse about the
feature, and the procedure is terminated when the uncertainty is so low that
the object could be said is localized. The total number of optimizations are the
number of ’x’:s in the figure, a total of 25, that is the number of optimizations
required for localizing the target in this case. The target is said to be localized
if the information is higher than a pre-defined value.
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Figure 4.3: Trajectory of the sensor platform. Each ’x’ marks a new optimization. The
feature location’s uncertainty is an ellipse about its true location.
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Figure 4.4: Feature entropic information and the parameterized control signal.

The path is shaped as a spiral, which is reasonable since the sensor is a
bearings-only sensor. In the beginning, the planning steps are approximately
in the orthogonal direction with respect to the object. In addition, the sensor
platform is also moving closer to object.

The path is the planned path for the sensor platform. However, since there
are no uncertainties of the platform’s position, it will also be the performed path
by the platform. The control signal varies all the time and it is undesirable,
since the actuators would be worn out. However, it is understandable that the
solution gives a varying control signal, since it plans very short ahead. To avoid
this problem, one could formulate penalty functions on varying control signals
or use a different control signal parametrization.

The calculation time is highly dependent on the number of control param-
eterizations m. The calculation time is also dependent on the tolerance chosen
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for the optimization and the ODE solver.
The use of information as a performance index is intuitive, since the more

information you have of a feature, the more certain you are of its location.
It is also a convenient criterion for the optimization process, since when the
information is maximized, the uncertainty of the feature location is minimized.

4.3.1 Plotting the Criterion Function

To illustrate the complexity of the optimization problem, the criterion func-
tion could be plotted over the first optimization step, that is over the first
parameterized control signal [u1 u2].

Recall the criterion function used here as the determinant of the information
matrix from (4.12)

J(tf ) = Yx(tf )Yy(tf ) − Y2
xy(tf ).

This function is plotted for two cases of bound on the control signal, first
bounded as −10 rad/s ≤ ui ≤ 10 rad/s, i = 1, 2, plotted in Figure 4.5. The
optimizer is trying to find the maximum, and the problem is that there are
several local maxima, and there is a risk that the optimizer will find a local
maximum instead of the global. For this example, tighten the bound on the
control signal to −1 rad/s ≤ ui ≤ 1 rad/s, i = 1, 2, for the same situation
yields the situation in Figure 4.6. The problem of many maxima is not solved
by this, but there are fewer maximums than for the case with looser bounds.
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Figure 4.5: The criterion function over a parameterized control signal [u1 u2], −10 ≤
ui ≤ 10.

The reason why the criterion function was plotted is to illustrate that the
optimization is not perfect, but since it is an application of engineering, one
would be satisfied with a good solution and not the best in the theoretical
sense. The Matlab Optimization Toolbox functions fminunc and fmincon use
line search when they cannot solve the problem otherwise. The line search
algorithm has problem with local maxima, and instead one should implement
and test other optimization methods, see Chapter 7.

4.3.2 The Effect of Optimization Time Horizon

The sensor platform’s trajectory is affected by the time horizon tf in the opti-
mization. Figure 4.7 shows a comparison between three different time horizons,
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Figure 4.6: The criterion function over a parameterized control signal [u1 u2], −1 ≤
ui ≤ 1.

(1 s) (16 optimization steps), (4 s) (4 optimization steps) and (8 s) (2 opti-
mization steps). Thus, the total time would be 16 s for all cases. The cases
can be summarized in Table 4.1.

Case 1 2 3
Time horizon tf (s) 1 4 8
Number of optimizations 16 4 2
Total time (s) 16 16 16
Control parameters m 2 4 8

Table 4.1: Details of the three cases used to investigate the effect of optimization time
horizon.

As can been seen, the platform with long optimization time travels more
directly to the feature. It will not gain as much information in the beginning
as in the case with short optimization time, but since it plans further in the
future, the information at the time horizon will increase as seen in Figure 4.8.
According to Figure 4.8, a long time horizon is preferable compared to a short
time horizon. But there are problems with a long horizon. The calculation
time was different for the three cases. The computation time of the second and
third case was 30% and 350% longer than for the first case, respectively.

4.3.3 The Effect of Prior Information

In the simulations, the starting information was set to 10−3 in both the x-
and y-direction. The starting information is a measure of how much is known
about the object when planning the first step in terms of uncertainty. When
knowing more about the object, i.e. the starting information was set to 1 in
both directions, the resulting path is seen in the left part of Figure 4.9. It will
travel in the direction of the object at first, since it will not gain that much
information by taking a step orthogonally. Instead it needs to move closer,
which it does until one point where it turns and continues like in the first
simulation in Figure 4.3.

In the simulation shown in the right part of Figure 4.9 the starting infor-
mation was set to 1 in the x-direction and 10−3 in the y-direction. This is the
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Figure 4.7: The trajectories for platforms with different optimization times for the three
cases in Table 4.1.

case when knowing one coordinate of the object’s position and it is needed to
reduce the uncertainty in the other direction. The vehicle is trying to reduce
the uncertainty in the y-direction by moving in the direction which is orthogo-
nal to the initial uncertainty, that is in the y-axis. The vehicle continues until
the uncertainty in the y-direction is about the same as the x-axis and it turns
to reduce the uncertainty in both directions.

4.3.4 Evaluation of the Utility Function

In the simulations below, three different utility functions are evaluated. The
details of the different simulations are given in Table 4.2. The first one is
maximizing the determinant of the information matrix, and tried for two cases
where the gradient of the utility function is given analytically, case 1, and by
letting the optimization function approximate the gradient numerically, case 2.
The optimization is made by the function fmincon, where it is possible for the
user to choose whether the gradient is given explicitly or not. Case 3 is the path
from the trace of the information matrix’s inverse and case 4 is maximizing the
minimum of the eigenvalues. The resulting paths are shown in Figure 4.10.

All paths have the same basic shape, a spiral. The time horizon was set
to 1 s for simplicity and except for the utility function and gradient, all other
simulation parameters are the same. The entropic information (i.e. detY )
values are plotted in Figure 4.11 and not very surprising detY -utility gives the
largest final information value. However, this is an unfair comparison tool and
it is difficult to decide which utility function that solves the localization problem
best. However, the analytical and numerical implementation of the gradient
in the detY case can be compared. The analytical implementation is better,
since information is higher, but the difference is small. The major advantage of
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Figure 4.8: The information for platforms with different optimization times for the three
cases in Table 4.1.
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Figure 4.9: Left: The effect of high starting information. Right: High starting information
in x-direction and low starting information in y-direction.

the analytical case is the computational time, but when the model gets more
complicated, it is difficult or impossible to derive the analytical expression
explicitly.

4.4 n Objects

Following the methods of this chapter, it seems that the vehicle could success-
fully localize an object. To make things more interesting, the vehicle must be
able to handle the case of n objects on the ground.
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Case 1 2 3 4

Utility function max (detY ) max (detY ) min trY −1) max (min (eig Y ))

Gradient computation Analytical Numerical Numerical Numerical

Table 4.2: Details of the four cases used to investigate the effect of different utility
functions.
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Figure 4.10: Sensor platform trajectory calculated from different utility functions: 1)
max (det Y ) with gradient analytically, 2) max (det Y ) with gradient numerically, 3)
min (tr Y −1), 4) max (min (eig Y ))

4.4.1 Modelling two Objects

First the model should be extended to the case with two objects. A symmetric
information matrix Y is now of (4 × 4) as:

Y (t) =


Yx1 Yx1y1 Yx1x2 Yx1y2

Yx1y1 Yy1 Yx2y1 Yy1y2

Yx1x2 Yx2y1 Yx2 Yx2y2

Yx1y2 Yy1y2 Yx2y2 Yy2

 . (4.16)

With just one more object, there were seven new states introduced. There
is now three states representing the vehicle, same as in (4.1) and ten states
from the information matrix above. The question arises whether some states,
especially the cross states Yi1j2 , could be zero. Recall the information rate of
change from (4.8) as

Ẏ (t) = −Y (t)QY (t) + I(t), (4.17)

and the same observation model as for one object from (4.4) now extended as
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Figure 4.11: Information from the different utility functions: 1. max(detY ) with gra-
dient analytically, 2. max(detY ) with gradient numerically, 3. min(traceY −1), 4.
max(min(eigY ))

z(t) = [h1(xf1 ,xs), h2(xf2 ,xs)]
T

h1(t) = θ1(t) − ψ(t) + ν1(t) (4.18)
h2(t) = θ2(t) − ψ(t) + ν2(t).

The linearized observation matrix H(t) is

H(t) = ∇x̂f
h(xf ,xs)

=

[
− sin θ1(t)

r1(t)
cos θ1(t)
r1(t)

0 0

0 0 − sin θ2(t)
r2(t)

cos θ2(t)
r2(t)

]
. (4.19)

The R matrix is the covariance matrix of the two noise processes ν1(t) and
ν2(t) as

R =
[

var(ν1) cov(ν1, ν2)
cov(ν1, ν2) var(ν2)

]
. (4.20)

Combining (4.19) and (4.20) gives the observed information according to
(4.7) as

I(t) = HT (t)R−1H(t) (4.21)

If the two noise processes ν1(t) and ν2(t) are independent, there are no covari-
ances and the observed information matrix I(t) would become a block matrix
as

I(t) =
[

I1(t) 0
0 I2(t)

]
, (4.22)

where Ii(t), i = 1, 2 are (2 × 2) matrices representing the observed information
from object i. From this, a model with n objects could be easily be derived
by just extending the observed information with block matrices. This is not
sufficient for the cross states Yi1j2 in (4.16) to be zero. The term in the update
law corresponding to the loss due to the process noise

−Y (t)QY (t)
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must also be considered. The process noise is modelled with a block matrix,
each block containing process noise for the two objects, extended from (4.9) to

Q =
[
Q1 0
0 Q2

]
=


Qx1 0 0 0
0 Qy1 0 0
0 0 Qx2 0
0 0 0 Qy2

 . (4.23)

If the cross states Yi1j2 are set to zero, then the term Y (t)QY (t) would be a
block matrix as

Y (t)QY (t) =
[
Y1(t)Q1Y1(t) 0

0 Y2(t)Q2Y2(t)

]
. (4.24)

Since both terms, I(t) and Y (t)QY (t), in the update of the information matrix
in (4.17) are block matrices with non-diagonal blocks as zeros, there will not be
any information update from the cross states Yi1j2 . With no update of those
states, they will not affect the optimization and therefore those states could be
set to zero. Then the information matrix in (4.16) would be a diagonal matrix,
with (2 × 2) block matrices on the diagonal representing the information of
each object as

Y (t) =
[

Y1(t) 0
0 Y2(t)

]
, (4.25)

where

Yi(t) =
[

Yxi
Yxiyi

Yxiyi Yyi

]
.

The matrix in (4.25) could easily be extended to n objects, with adding block
matrices for each object.

4.4.2 Simulation with two Objects

In these simulations, the noise processes ν1(t) and ν2(t) are independent of
each other, and the resulting path is examined. An information matrix is
constructed as in (4.25), and from this the determinant is taken as utility
function, and information could be maximized.

The observed information is inverse proportional to the squared distance
and angle dependent, and there is a risk that the optimizer will only consider
the nearest object, since it will gain much information by getting closer all the
time. In order to avoid such a problem, the object is removed from the model
when localized. Thus, the states representing the information from the objects
are removed from the system equations and the new information matrix is
simply the information matrix from the non-localized object.

In the following simulation two features were placed in [10 10] and [10 0],
and the vehicle starts in the origin with heading in the Y -axis direction. The
optimization time horizon tf is set to 1 s in the first simulation and to 8 [s]
in the second simulation, and the utility function is the determinant of the
information matrix. The noise is the same for the two objects. The resulting
paths are shown in Figure 4.12, where the short time horizon to the left and
the long time horizon to the right.

From the two paths, it is very tempting to make the conclusion that the long
time horizon is always better than the short time horizon. But if the threshold
for localization is set higher, the long time horizon must plan a long time ahead
close to an object. In Figure 4.13 a path is shown, where the problem with a
long time horizon is seen. The first two points are the same as the right part of
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Figure 4.12: Left: Simulated sensor platform trajectory with two objects, time horizon
1 s. Right: Simulated sensor platform trajectory with two objects, time horizon 8 s.

Figure 4.12, but then the path must be planned a long time ahead close to the
target, until it is localized and then turns back to the other object, which is
not very effective. The short optimization horizon is not much more effective,
but it takes less time to calculate. These issues motivate the use of suitable
replanning policies, see discussion in Section 7.5.1.
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Figure 4.13: With long time horizon (right), the UAV must turn back to the initially
nearest object compared to the short time horizon (left).

4.4.3 Extension to n Objects

The model can now be extended to handle n objects, since it is about adding
and removing states to the model and hence to the information matrix. When
modelling n objects, each object i has its own (2 × 2) information matrix Yi.
Then a global information matrix could be constructed by putting these on the
diagonal as

Y =


Y1 0 . . . 0
0 Y2 . . . 0
...

...
. . .

...
0 0 . . . Yn

 . (4.26)

A simulation is made with five objects randomly placed in the xy-plane.
The same parameters is used as for the simulation with two objects and the
result is shown in Figure 4.14.
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Figure 4.14: Sensor platform trajectory with five objects.

4.5 3d Modelling

The previous simulations have been in two dimensions, but since a UAV has a
certain height of flight, it is natural to extend the models to three dimensions.
A new control signal of the vehicle that controls the flight altitude could be
introduced, but to keep the optimization complexity down we assume that the
flight altitude is constant.

There is also a singularity in the 2D model, since the observed information
is inverse proportional to the squared distance to the feature. This means
that the vehicle could not be close to the object. The problem was solved
by removing object when localized or by bounding the control signals, so the
vehicle never could come too close. In this section, the singularity is avoided
by first deriving the observed information relative a local reference frame and
then transform the information into global reference frame.

4.5.1 3d Object

As described previously, the uncertainty of an object’s location is represented
by its information matrix Y (t). The concept is taken into three dimensions
with an extended information matrix:

Y (t) =

 Yx Yxy Yxz

Yxy Yy Yyz

Yxz Yyz Yz

 . (4.27)

By modelling an object in three dimensions, the uncertainty in the z-direction
will also be considered.

The information matrix is symmetric as before and it is sufficient with six
states to represent an object. The update of the information matrix is still:

Ẏ (t) = −Y (t)QY (t) + I(t), (4.28)
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but both the process noise Q and the observed information I are now (3 × 3)-
matrices.

4.5.2 Information in 3d

Let the UAV fly in the xy-plane and the distance to the ground, zs, is kept
constant. An object on the ground could be described by the angle α same
as θ in the two dimensional case and the angle β, which is the angle from the
xy-plane to the object, shown in Figure 4.15.

Figure 4.15: 3d modelling of a feature described by the angles α and β. Local coordi-
nates for observing information.

Introduce a sensor direction n̂ as the vector from the vehicle to the feature.
At this moment, the sensor is considered to“point” at every direction and a
camera will be introduced later on in Chapter 8. For now, the sensor has
unlimited field of view. A coordinate system is set in the end of the vector at
the object, as in Figure 4.15. The information is observed orthogonal to the
direction of the camera, that is in the θ̂ and the φ̂-direction. In other words,
the variance of the noise process in the n̂-direction is infinite. The variance
in the θ̂- and the φ̂-directions are σ2

θ and σ2
φ respectively. The inverse of the

covariance matrix R could be set as

R−1 ≈

 0 0 0
0 1

σ2
θ

0
0 0 1

σ2
φ

 , (4.29)

if the noise processes are uncorrelated. The information could now be trans-
formed into the global Cartesian coordinates, by using the angles α and β. The
angles α and β are the rotation about the z-axis and the y-axis, respectively.
The transformation matrices are described as

T2(θ) =

 cos(θ) 0 − sin(θ)
0 1 0

sin(θ) 0 cos(θ)

 and (4.30)

T3(θ) =

 cos(θ) sin(θ) 0
− sin(θ) cos(θ) 0

0 0 1

 . (4.31)

The resulting rotation matrix which transforms the local coordinates into the
global coordinates would be

T = T3(−α)T2(−β) (4.32)
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The information expressed in the local reference system can now be transformed
to the global reference system

Iglobal = TIlocalT
T . (4.33)

This yields in a (3 × 3) information matrix, used in the update law in (4.28),
without a singularity. The H in this case is simply the identity matrix in the
local coordinates, since the feature location and the observed location is the
same point.

A simulation with the same properties as for the two dimensional model
in Figure 4.3 is shown in Figure 4.16 for two different heights. In the left
picture the height of flight zs is 1 m. Hence, the β-angle is small and the
simulation result is similar to the 2D case. The flight height affects more when
it is higher, and in the right picture of Figure 4.16 it was set to 10 m. The
rotation matrix about the y-axis differs now from the identity matrix, and there
will be essential amount of information in all states in the information matrix
(4.27) and this will affect the eigenvalues of the information matrix and hence
the utility function. The scalar measure of the utility function will be lower
with increasing flight height and could be interpreted as the higher the UAV
flies, the less information is seen about the object since it will be farther away.
The resulting path with higher flight height is longer, since there will be less
information gained.
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Figure 4.16: The trajectory for an UAV with different flight heights. Left: zs = 1 m.
Right: zs = 10 m. Feature located in (10, 10).
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5 Area Exploration

A common task in surveillance and reconnaissance is area coverage. The area is
represented by a number of grid points, and with each grid point is associated a
quantity which may be measured under the influence of noise, so an information
matrix could be constructed. The flight path is calculated from utility functions
derived from the information matrix.

5.1 Area Coverage

The area coverage is usually done after a pre-defined path. The UAV is sweep-
ing the area back and forth until the whole area has been covered. However,
we want the UAV to search for objects in the area and once an object is found
the UAV should localize it. By calculating the next step from an information
matrix consisting of information about both the area and the objects, the UAV
is able to react on objects on the ground. The vehicle will now take the best
possible step at the time horizon in terms of information.

Consider for example a game of battleships. In those games, you are sweep-
ing your opponents area, and if you hit something, you know that there is a
ship and you continue to search that part of the area until the ship has been
sunk. Instead of ships and sinking, change the terms to objects and localizing
and that will be the case of the UAV.

5.1.1 Area Model

The area is represented by a number of grid points, thus the area is discretized.
The information from an object was modeled in (4.27) by a (3×3) information
matrix, that is by six states. It would be possible to use the object model as
the grid point model. Grid points are not going to be localized as the objects,
since the grid points are set out and therefore completely known. However,
the (3 × 3) information matrix is suitable since it will capture the properties
of how well the grid point has been seen, including if it has been seen from
significantly different directions.

The downside of using the six states model for the grid points is, of course,
that the complexity of a discretized area with N grid points will grow large
to 6N states. An alternative is to let each grid point be represented by just
one state. This one state has no physical interpretation. We lost the strive
for seeing the grid points from significantly different directions, but we keep
the complexity down, the total number of states will be N . Hence, calculation
time will be much shorter.

In this report we use the one state grid point model. Thus, the state vector
x consists of the three states representing the vehicle, that is xs and the N
states representing the grid points xgp as

x =
[

xs
xgp

]
. (5.1)
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The state vector consists now of (3 +N) states.
The information matrix consists of the states representing the information

and is constructed in the same manner as for n objects as

Ygp(t) =


Ygp1(t) 0 . . . 0

0 Ygp2(t) . . . 0
...

...
. . .

...
0 0 0 YgpN

(t)

 , (5.2)

where the index gpi denotes grid point i. The noise in each observation is
considered uncorrelated and the information matrix becomes a diagonal matrix.
The dimension of the information matrix is (N ×N).

5.1.2 Limited Sensor Range

The sensor has a limited range, due to its resolution and the atmospheric
conditions. A simple mathematical representation of these limitations is a
exponential variation in the measurement uncertainty. Introduce a distance
rmax which is the maximum range of the sensor and introduce an exponential
penalty function such that the covariance of the noise becomes

R = σ2
0 exp

(
kR(

r

rmax
)2

)
, (5.3)

Thus, the expected information is proportional to the inverse of the covariance
as

R−1 =
1
σ2

0

exp
(

−kR(
r

rmax
)2

)
, (5.4)

where σ0 is the standard deviation at zero range, r is the distance between the
sensor and the grid point, rmax is the maximum range of the sensor and kR
is a constant, kR = 4.6 is used in this chapter. The penalty function is the
exponential function of r

exp
(

−kR(
r

rmax
)2

)
,

which does not penalize at zero distance, and at distance rmax there will hardly
be any information observed, and is plotted in Figure 5.1. Other functions could
be used and for examples see Grocholsky [16].

5.1.3 Observed Information

The observation model for an area exploration is according to Grocholsky [16]:

z(t) = T(x, y) + v(t), (5.5)

where T(x, y) is a function describing the terrain characteristic and v(t) zero-
mean uncorrelated Gaussian sequence with variance R as a function of the
distance r as in (5.3).

In this model the terrain characteristics are said to be the states represent-
ing the grid points. For simplicity, we make the assumption that these states
could be observed directly by the camera. This means that there is no trans-
formation between the measurements and the states. The reason for making
this assumption is that the linear observation matrix H then becomes simply
the identity matrix according to (3.14) as

T(x, y) = xgp
z(t) = xgp + v(t). (5.6)
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Figure 5.1: Exponential modelling of range dependent measurement errors in a math-
ematical model of a realistic bearings-only sensor.

The information observed from the grid points follows the usual update law as

I(t) = HT (t)R−1H(t) = R−1

=
1
σ2

0



exp
(

−kR( r1
rmax

)2
)

0 . . . 0

0
. . . 0

... 0

0 . . . 0 exp
(

−kR( rN

rmax
)2

)


.

Each grid point is stationary, but as for stationary objects, a small process noise
is included to improve numerical conditioning, as described in Section 4.1.2.
The model for a grid point i is

ẋgpi = ω(t), (5.7)

where ω(t) is a zero mean Gaussian process with uncorrelated covariance Q(t).
The observed information matrix I(t) is also an (N×N) matrix and the update
law of the information matrix is given by

Ẏ (t) = −Y (t)QY (t) + I(t).

5.1.4 Comments on the Utility Function

A problem with using the determinant as utility function is the numerical
difficulties. If the area consists of N grid points with low starting information
10−m, the first determinant calculated would be in the range of 10−mN , e.g.,
if we have 121 grid points with starting information 10−3 the determinant
is 10−363 which is considered to be zero by Matlab. However, maximizing
log(detY ) would also maximize the entropic information, recall the definition
of entropic information from (3.10)

i(x) =
1
2

log
(
(2πe)−n detY

)
.
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The numerical problems are smaller when using log(detY ), but there is still a
risk when the number of states is large.

When calculating trace of the inverse information matrix, a summation is
done instead of a multiplication and the numerical difficulties could be avoided.

5.1.5 Simulations

In the simulations a quadratic area (10 × 10) was created, and discretisized
with a distance of one between each grid point. This means that there are
112 = 121 points representing the area.

The complexity of the problem is now increased, compared to the simula-
tions in Chapter 4. There are now 121 states for the area plus the original
three representing the vehicle, to a total of 124 states, to be compared with
for example nine states when localizing an 3D object. There is again need to
evaluate the performance of the different utility functions.

Figure 5.2 shows two area searches with different bounds on the control
signal. The vehicle starts at the origin with heading upwards and the time
horizon is set to 1 s, otherwise the calculation time would be too long. For
the same reason the control signal is parameterized into two steps m = 2.
The background is the information level of the surface, the brighter the more
information. The area search is terminated when the information for all grid
points is higher than a predefined threshold value.
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Figure 5.2: Trajectory of sensor platform for an area search with different bounds on
the control signals. Left: −1 ≤ u ≤ 1. Right: −π ≤ u ≤ π

The paths are about the same for the two simulations, but with the tighter
bound on the control signal, the vehicle will not turn as sharp. The flight path
will begin on the diagonal since there is the most information to gain, but
when the sensor’s maximum range reaches the outer rim of the area, it turns
and continues the search in the direction of maximum information.

5.2 Combined Object and Grid Point Model

It is now possible to define a model which treats the problem of searching an
area with n objects. The UAV decides where to go, by solving the optimal
control problem while flying, with respect to the grid points and the objects.

5.2.1 Global Information Matrix

The locations of the objects are unknown to the sensor initially and first when
an object is in the sensor’s range, the information matrix from the grid points
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are extended with the information matrix from the object. So the global infor-
mation matrix would be

Ytot =
[

Ygp 0
0 Yobj

]
(5.8)

where Ygp is defined in (5.2) as

Ygp(t) =


Ygp1(t) 0 . . . 0

0 Ygp2(t) . . . 0
...

...
. . .

...
0 0 0 YgpN(t)

 , (5.9)

and

Yobj =


Yobj1 0 . . . 0

0 Yobj2 . . . 0
...

...
. . .

...
0 0 . . . Yobjn

 . (5.10)

All Ygpi are scalar values, and the Yobji are (3 × 3) matrices.
As mentioned earlier in (5.4), the observations of grid points are range

dependent. This is also true for objects, and the same exponential behaviour is
applied to the objects. The information observed from objects is computed in
local coordinates, and a measurement provides no information in the direction
of the camera. The new range dependent inverse covariance matrix is the same
as in (4.29) with the penalty function added as

R−1(t) ≈

 0 0 0
0 1

σ2
θ

0
0 0 1

σ2
φ

 exp(−kR(
r

rmax
)2). (5.11)

5.2.2 Simulations

Since the grid points and the objects are modelled differently, there is a prob-
lem to get balance in the simulations. The first simulation is an area search
where five objects have been placed randomly. The path resembles the paths
in Figure 5.2, which could be explained by instead of concentrating on an
object, there is more information to be gained by searching the unexplored
area. It seems that the model for the grid points gives higher information than
the model for the objects, and therefore there is more information to gain by
searching the area.

However, one could set different priorities for objects and grid points. The
priorities could be chosen such that the information values from the grid points
could be compared to the information values from the objects.

As comparison, a simulation with a weighing matrix W is including in the
utility function as

J = trace(W P ), (5.12)

where P is the covariance matrix Y −1. The states representing the objects
are weighted higher than the states representing the grid points. The resulting
path is shown in Figure 5.4 and the vehicle strives to localize a target within
the sensor’s range. However, the question of how to choose weights remains
open.
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Figure 5.3: Trajectory of sensor platform for an area search with five objects. −1 ≤
u ≤ 1
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Figure 5.4: Trajectory of sensor platform for an area search consisting of five objects
with weighted utility function. −1 ≤ u ≤ 1
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6 Long Term Planning Using a WCSPP/TSP
Framework

In this chapter we focus on planning the UAV path on a larger scale. To be
more precise, we investigate those problems where the possibility of the sensor
switching from point A to point B and then back to point A again, can be
ignored. This situation obviously occurs when it can be assumed that only one
point of interest is within sensor range at each time instant. As will be shown
however, temporarily ignoring switching can also facilitate high level planning
of strip- and linesearch in the presence of threats and no-fly zones.

The outline of this chapter is as follows, in Section refsec:tsp1 we review
some computational tools, including the Traveling Salesman Problem (TSP)
and the Weight Constrained Shortest Path Problem (WCSPP). In Section 6.2
we then describe our problem formulation, discuss modelling issues and present
some simulation results.

6.1 Computational Tools

In this section we will review some optimization problems and the algorithms
used to solve them. Most of these problems are computationally very difficult
to solve to optimum and hence we have to settle for approximate solutions.

6.1.1 Traveling Salesman Problem

The Traveling Salesman Problem (TSP) can be described as follows. Given n
cities and distances dij ∈ R+ between each pair of them, find the shortest path
that visits all cities once. To be more precise we write the following.

Problem 6.1 (TSP) Let d ∈ Rn×n
+ and π be a cyclic permutation of n objects,

then the TSP can be defined as

min
π

Σn−1
i=1 d(π(i),π(i+1)) + d(π(n),π(1)). (6.1)

The time required to solve a TSP grows very fast with the size, i.e. number
of cities, of the problem. In fact, the TSP is NP-hard, see e.g. [34]. This means
that finding the true optimum is very hard, but if we are willing to settle for a
good, but not optimal solution, approximation algorithms or heuristics can be
used.

In a UAV path planning problem where you want to visit a number of
locations, minimizing time, is often a relevant objective. However, in some
cases one part of the mission is more urgent and therefore preferably performed
early. Similarly, some parts of the mission might be very dangerous, or might
be likely to alert the enemy, and thus be reasonable to perform last. The Target
Visitation Problem below is one way to incorporate ordering into the objective
function of a path planning problem.
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6.1.2 Target Visitation Problem

The Target Visitation Problem (TVP), [17], is an extension of the TSP to
include ordering. Given a matrix e ∈ Rn×n

+ reflecting the benefit of visiting
point i before point j, we define the following problem.

Problem 6.2 (TVP) Let e, d ∈ Rn×n
+ and π be a cyclic permutation of n

objects, then the TVP can be defined as

max
π

Σn−1
i=1 Σnj=i+1e(π(i),π(j)) − d(π(n),π(1)) − Σn−1

i=1 d(π(i),π(i+1)). (6.2)

As can be seen, the TVP is a TSP with an ordering part added. Figures 6.1
to 6.3 illustrate the formulation. First Figure 6.1 shows 20 randomly placed
cities and a random tour visiting all of them. Figure 6.2 then depicts an
approximate TSP tour. Finally, we form a TVP by requesting city nr 19,
top right, to be visited early by adding 100 to row 19 in e (default eij = 1).
Similarly, we want city nr 9, lowest right, to be visited late and thus add 100
to column 9 in e. The result is shown in Figure 6.3.
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Figure 6.1: A random tour starting at (0, 0) and visiting 20 cities.
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Figure 6.2: The approximative TSP solution given by the algorithm.
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Figure 6.3: An approximate TVP solution including ordering preferences of two cities.

Following [17], and due to of the fact the TSP is NP-hard, we use a heuristic
approach to find approximate solutions to the TVP. The proposed algorithm
is composed of two steps, that are quite straightforward and easy to code.

The first step uses a randomized greedy procedure to obtain a reasonable
starting guess. The second step then improves on this starting guess by doing a
local search, in terms of pairwise swapping of two cities. Finally, these two steps
are iterated, either a fixed number of times, or a number of times depending
on the computation time available.

In detail, the first step works as follows. Given a starting city we must
chose the next city to visit. This is done by randomly choosing a city from the
closest 1

k fraction of the cities that remains to be visited. From this city, again
the 1

k fraction of the remaining cities is found and the next city is picked by
random. This procedure is iterated until all cities are visited. In the extreme
case of k = n, where n is the number of cities, this corresponds to a standard
greedy search. If, on the other hand, k = 1, a totally random path is picked
each time. In [17], k = 4 is suggested and therefore also used here.

To review the second step we first define a 2-exchange neighbourhood.

Definiton 6.1 A 2-exchange neighbourhood of a tour is the set of tours that
differ from the given tour by swapping one pair of cites.

The second step is performed by doing exhaustive search in a 2-exchange neigh-
bourhood of the starting guess. If a better solution is found, exhaustive search
is performed in a 2-exchange neighbourhood around that solution, and so on,
until no improvement can be found.

Running the algorithm we get the solutions depicted in Figures 6.2 and 6.3.

6.1.3 Constrained Shortest Path Problems

Another useful tool in path planning is the Shortest Path Problem (SPP) and
it’s extension, the Weight Constrained Shortest Path Problem (WCSPP). In
order to formulate them we first review some graph notation, then state the
SPP and finally look at the definition of a WCSPP.

Definiton 6.2 A graph G = V,E is a collection of vertices V = {1 . . . n} and
edges E ⊂ V × V = {(i, j), i, j ∈ V }. A path P is a sequence of vertices P =
(v1, v2, . . . , vm) such that the set of consecutive pairs, E(P ) = {(vi, vi+1), i =
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1 . . .m−1} is a subset of E. Each edge in a graph can furthermore be assigned
weights wij ∈ R+ and costs cij ∈ R+.

We are now ready to state a general SPP.

Problem 6.3 (SPP) Given a graph G = (V,E), costs cij ∈ R+ and start and
destination vertices s and d. The Shortest Path Problem (SPP), is defined as
follows:

min
P

Σ(i,j)∈E(P )cij , (6.3)

s.t. s, d ∈ P.

That is, find the path P from s to d such that the sum of costs cij is minimized.

At this time we note that the SPP can be reliably solved in polynomial
time by any dynamic programming type of algorithm, such as Dĳkstra or A*,
[34]. The constrained extension WCSPP is defined as follows.

Problem 6.4 (WCSPP) Given a graph G = (V,E), weights wij ∈ R+, costs
cij ∈ R+ and start and destination vertices s and d. The Weight Constrained
Shortest Path Problem (WCSPP), is defined as follows:

min
P

Σ(i,j)∈E(P )cij , (6.4)

s.t. Σ(i,j)∈E(P )wij ≤ W,

s, d ∈ P.

That is, find the path P from s to d such that the sum of costs cij is minimized
while the sum of weights wij is below the bound W .

The WCSPP is in general much more complex than the SPP, it is in fact
also, as the TSP above, an NP-hard problem [12]. Again, this means that large
problem instances are in practice very hard to solve to optimality in reasonable
time and we have to use approximation algorithms. Note however, that it is
claimed in [12] and [51] that some exact algorithms perform well on problems
of reasonable magnitude.

In this paper we settle for an approximate solution and use bisection search
and a standard shortest path algorithm, such as Dĳkstra, [34] to get a good
feasible solution and an upper bound on the gap to optimum.

To apply bisection search, we need the Lemmas below. In the following, let
f, g : Rn → R, a, b ∈ R. Furthermore, let xa be a minimizer of min(f(x) +
ag(x)) and gopt(a) = g(xa), fopt(a) = f(xa). xb is defined in a similar manner.

Lemma 6.1 If b > a, then

gopt(b) ≤ gopt(a),

i.e. gopt is monotonically decreasing.

Proof By definition f(xa) + ag(xa) ≤ f(xb) + ag(xb) and f(xb) + bg(xb) ≤
f(xa) + bg(xa). This makes f(xb) + bg(xb) + (a − b)g(xa) ≤ f(xb) + ag(xb),
and using b > a we get g(xb) ≤ g(xa).

Lemma 6.2 By definition, xa is a minimizer of min(f(x) + ag(x)).
xa is also a minimizer of

min f(x), s.t. g(x) ≤ g(xa).
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Proof By contradiction.

Lemma 6.3 Let x∗ be a minimizer of

min f(x), s.t. g(x) ≤ W. (6.5)

If gopt(a) ≤ W ≤ gopt(b), then fopt(a) ≥ f(x∗) ≥ fopt(b). That is, xa is
a feasible solution to (6.5) and the gap to the optimal value is bounded as
fopt(a) − f(x∗) ≤ fopt(a) − fopt(b).

Proof The proof is a straightforward application of Lemma 6.1 and 6.2.

Applying bisection search on a and b, making the gap |b− a| smaller while
gopt(a) ≤ W ≤ gopt(b) holds now reduces the gap fopt(a)−fopt(b). Thus we get
a good feasible solution and an upper bound on the optimality gap. Note that
fopt and gopt are monotonic, but not strictly monotonic. And since WCSPP is
a combinatoric problem the gap will decrease monotonically, but not tend to
zero.

6.2 Modelling and Problem Formulation

This section describes how the tools of Target Visitation Problem (TVP) and
Weight Constrained Shortest Path Problem (WCSPP) can be applied to some
UAV surveillance missions. First we explore some modelling issues, and then
formulate high and medium level planning problems.

6.2.1 Minimizing Accumulated Risk

This section describes how the sums in (6.4) can be used to model accumulated
risk in the WCSPP framework.

A natural constraint or objective function is

max
P

Π(i,j)∈E(P )(1 −Rij), (6.6)

where Rij is the risk of losing the aircraft when flying from i to j. The product
then reflects the combined probability of surviving all the path segments. Note
that this is not a sum of costs as in the WCSPP. In many papers, such as Beard
et al.[6] and Zabarankin et al.[51], the sum of kill probabilities, sum of inverse
squared threat distances, radar exposure, or some other measure of badness is
minimized. Here however, we propose to look for the solution that minimizes
the actual risk estimate, by an elaborate choice of edge costs described in the
following Lemma.

Lemma 6.4 Let cij = log
(

1
1−Rij

)
. Then

max
P

Π(i,j)∈E(P )(1 −Rij), (6.7)

has the same solution as
min
P

Σ(i,j)∈E(P )cij .

Proof Note that log is a strictly increasing function and let “⇔” denote that
two optimization problems have the same solution. Then max Πei∈Path(1 −
Rij) ⇔ max log(Πei∈Path(1−Rij)) ⇔ max Σei∈Pathlog(1−Rij) ⇔ minΣei∈Path−
log(1 −Rij) ⇔ minΣei∈Pathlog(1 −Rij)−1, which is exactly the proposed cij .
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To find the Rij of the previous paragraph we let the threat level at each
point be represented by a function f : R2 → [0, 1]. This number represents the
probability of being shot down when flying one kilometer at that particular
threat level. In detail, the probability of surviving a flight path of length l with
the constant threat level of f(x) ≡ pT is

ps = (1 − pT )l.

With Rij = 1 − ps, this makes the cost of a path segment equal to

cij = log(1/(1 −Rij)) = log(1/ps) = − log((1 − pT )l) = −l log(1 − pT ). (6.8)

We now explore different picture quality measures.

6.2.2 Reconnaissance Quality Modelling

In this section we propose a very coarse approximation to the information max-
imization objective function used in the short term path and sensor planning,
described in Chapter 4-5.

The quality of the reconnaissance can be measured in many ways. One
choice is assigning a cost to each surveillance object. This cost should then
increase with the distance and the amount of occlusion between the UAV and
the object at the time when the picture is taken. A first choice of cost might
be

ck = (ok + 0.1)di, (6.9)

where ok is some measure of occlusion and dk is the distance from the UAV to
object k.

A more elaborate choice is to maximize the probability that all pictures are
useful

max Πpk,

where pk is the probability that the picture of object number k is useful. With
this choice, all pictures must be at least of reasonable quality. Again, taking
the logarithm and multiplying by −1 we get the cost ck = Σ log 1

pk
. Of course,

pk is again a function of distance and occlusion.
We now look at the point target reconnaissance mission.

6.2.3 High Level Planning of Point Targets, Road Segments and
Area Search

This section describes planning on a high level where the distances involved
are much larger than the sensor range. In other words, to see a target we need
to approximately fly right over it.

Our example mission is set in the 10 by 10 kilometer area depicted in Figure
6.4. As can be seen in the Figure, there are 7 point targets, 3 areas and 6 roads
to be included in our path. By converting the areas and roads into reasonably
spaced points the problem can be cast into our TVP-framework. Without any
ordering preferences we get the path depicted in Figure 6.5. Notice how the
start and end points of the roads are visited consecutively, corresponding to the
whole road segment being covered. This was accomplished by setting dij = 0
for those particular edges in the graph. We did not introduce any ordering
preferences in the objective function for this example, i.e. we let eij = 0 for all
i, j.
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Figure 6.4: The 10 by 10 kilometer area with marked roads, regions and points of
interest.

6.2.4 Medium Level Planning of Line and Strip Search with Threat
Constraints

In this section we investigate path planning under threat constraints. We take
into account coarse sensor range and occlusion phenomenon, but ignore the
issue of multi-view images discussed in Chapter 4. In other words, for flight
path planning purposes, we assume that one reasonably close and un-occluded
view per target is good enough.

Furthermore, we assume that the destination/target ordering can be per-
formed before the choice of detailed flight path. This assumption trivially holds
in the case of a line or strip search and in cases similar to the one illustrated
in Figures 6.6 and 6.7, where the ordering can be determined by a TVP step
as described above.

Given the ordering, the task is now to formulate a WCSPP capturing
surveillance quality as well as threat exposure. We create a graph, where each
node (x,y,p) represents a position (x,y) of the UAV, as well as a surveillance
object (p). To determine the number of nodes we discretize the plane into a
uniform grid, and use the given ordering of targets. The edges of the graph are
given by neighbouring UAV positions and destinations next to one another in
the ordering.

Next we need to determine the cost cij , end weights wij , of the WCSPP.
We let the costs be determined according to equation (6.8) by the threat levels
of the UAV positions. The weights on the other hand should represent picture
quality. For an edge between different UAV-positions, but the same surveillance
object we set the cost to zero. Only when changing object, i.e. taking a picture,
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Figure 6.5: Approximate TSP-route through the 30 points of interest.

Figure 6.6: Surveillance area with market points of interest.

there is a cost set according to equation (6.9).
Solving the WCSPP now gives us a flight path and sensor usage with as low

threat exposure as possible, while keeping a given level of surveillance quality.
Figure 6.8 depicts an example scenario including a road to be surveillanced, two
occluding forest areas to the east of the road, a continuous threat zone along
the road with a very high risk area in the west. It also shows the resulting UAV
path using a medium quality bound. Note how the high risk area is avoided
and the road near the forest is viewed from the west.

With a low quality bound the risk area is almost completely avoided, as can
be seen in Figure 6.9. Note how no surveillance is performed while detouring the
most dangerous area. Increasing the quality bound we get a path closer to the
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Figure 6.7: An approximate TSP route through the points of interest.
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Figure 6.8: Medium quality bound.
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Figure 6.9: Low quality bound.
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Figure 6.10: High quality bound.

road, as shown in Figure 6.10. Finally, Figure 6.11 illustrates the possibility
of choosing start and final position far away from the surveillance objects.
Note that the threat zone is avoided at the beginning of the mission, while the
occluding forest is overflown at the end. These examples conclude the chapter
on long term planning.
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Figure 6.11: Start and goal point far from surveillance object.
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7 Optimization, Path Representation and
Planning Hierarchy

This chapter will consider some different aspects of the information theoretic
planning problem. We will, among others, discuss the optimization problem,
different path representations and a planning hierarchy. They are all differ-
ent sides of the problem, but strongly connected. How the flight trajectory
is represented and the planning problem is formulated are strongly affecting
the optimization process. A planning hierarchy is introduced that divides the
problem into smaller sub-problems.

7.1 Optimization Methods and Tools

Finding the solution to an optimal decision-making problem, i.e. the decision
which incurs the lowest cost, is in many applications a problem that has to
be solved by some numerical optimization method. A rough classification of
the optimal decision-making problem at hand is often useful when deciding
which optimization method (and tool) to use. Examples of features of the
optimal decision-making problem which affects the choice of method include
for instance:

• Is the problem convex? If not, is global optimization necessary?

• Are gradients expensive to evaluate? Are derivative free optimization
methods preferable?

• Are there one or several decision makers in the problem?

• Other features such as number of variables and number, and types, of
constraints.

As was first explained in Chapter 3, our (short term) path and sensor
planning problem can be formulated as a problem in nonlinear programming,
with constraints. As was exemplified in Figure 4.5, our optimization problem
is generally not convex since the criterion function (utility function) in general
has several local optima. However, in many cases a method which solves for a
local optimum, i.e. greedy search methods or methods based on evaluating the
gradient, results in a solution that is good enough for our engineering purposes.
Examples of gradient based optimization tools solving for a local optimum
are the Matlab Optimization Toolbox [29] functions fmincon (for constrained
optimization) and fminunc (for unconstrained optimization) which have been
utilized in the path and sensor planning examples presented in the present
report. Another example of a gradient based optimization tool is SNOPT
(see [41, 14]), a software package for solving large-scale optimization problems
(linear and nonlinear programs). Some preliminary tests have been performed
using SNOPT as optimization tool in our applications. Although the performed
tests clearly indicate that SNOPT is more effective than the corresponding
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MATLAB tools for our applications, more tests have to be performed to draw
firm conclusions on the benefits of using SNOPT.

As was mentioned above, gradient based optimization tools like SNOPT or
the MATLAB functions can in some cases provide satisfactory results. How-
ever, in other cases, for instance when a “bad” initial condition is given to
the solver, the gradient based methods can give a solution which is a local
optimum but which is not close enough to the global optimum to be accept-
able. In such cases, methods (and tools) for finding the global optimum is of
interest. An example of a situation when a gradient based optimization tool
can run into difficulties is shown in Figure 7.1. In the figure we show exam-
ples of criteria functions obtained by using two different choices of occlusion
models (see Chapter 9). The dashed curve shows a relatively smooth criteria
function obtained by using an angle and range dependent occlusion model (see
Section 9.1). The more rugged solid curve shows a criteria function using a
digital elevation model (DEM) for occlusion (see Section 9.2). Since the crite-
ria function for the DEM case has a large number of local optima it is clear
that a gradient based method can have difficulties finding a solution which is
close to the global optimum.

A comparison of some methods and tools for global (and derivative free)
optimization is given in [9]. Generally the methods for global optimization
are (much) slower than gradient based methods. Some preliminary tests have
been performed using a Simulated Annealing [23] tool called Adaptive Simu-
lated Annealing (ASA) [24] but further testing, using other options and other
scenarios, is necessary to assess the tool.
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Figure 7.1: Example of criteria functions using two different occlusion models. The
dashed line criteria function has been obtained using an angle and range dependent
occlusion model. The solid line criteria function has been obtained using a digital
elevation model for occlusion. Gradient based method can have difficulties finding an
acceptable solution for the solid line criteria function.

7.2 Recursive Filter Algorithm

In Chapter 4 ODE solvers were used to solve the path and the expected in-
formation equations, (4.1) and (4.8) respectively. If the trajectory is given, a
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recursive filter can be used to compute the evolution of the information as

Y (k + 1) = (Y −1(k) +Q(k))−1 + I(k) = Y (k)(1 + Y (k)Q(k))−1 + I(k) (7.1)

In the remaining chapters of this report, this recursive filter is used to compute
the expected information.

7.3 Parallel Computation

In Chapters 8 and 9 more complex methods of the expected information com-
putation are introduced to handle more realistic problems. The computational
load is then also increased. If we assume that all features are uncorrelated, the
expected information of each feature can be calculated independently and the
design of computational nodes is quite straightforward.

Consider the information matrix Y divided into N submatrices Yi

Y =


Y1 0 . . . 0
0 Y2 . . . 0
...

...
. . .

...
0 0 0 YN

 (7.2)

Let Λ(k), k = 1, 2, ..., n be the trajectory that will be evaluated. Assume
that we have N computational nodes. Given the submatrix Yi(0) and Λ, the
node i computes the expected information IΛ

i (k), k = 1, 2, ..., n and then the
information matrix Yi(n) by using (7.1). For many utility function choices, the
utility computation can also be separated. For instance, if the utility function
is

J = log detY =
∑
i

Ji (7.3)

the term
Ji = log detYi (7.4)

is computed by node i.
The proposed parallel computation structure has been implemented with

very satisfying result. Due to communication delays and planning initializing,
not much time is saved in small scale simulations. However, in large scale
simulations, the decrease of the computational time is almost proportional to
the number of nodes. The main challenge in the future work will probably be
the update and distribution of large models of the environment.

7.4 Path Representations

The signal, or path, representation is very important to the result of the opti-
mization process. Unfortunately, there are no easy answers to how this repre-
sentation should be defined. In this section we discuss this problem and present
some alternatives.

7.4.1 Discussion

In general, the fewer optimization parameters the better. It is not very effi-
cient to let the sample time of the observations decide the resolution of the
optimization parameter. Instead we need a compact parameterized signal rep-
resentation that allows us to compute the signal with arbitrar resolution given
a number of optimization parameters. However, there are several alternatives
how these parameters will define a signal. In previous chapters we used a
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piecewise constant signal, but there are other alternatives of which B-Spline
and interpolation methods are presented below.

The next question is in which basis the signal is defined, i.e. which quantity
the signal is representing. In previous chapters the signal represents the rate
of change of the heading. The flight trajectory is then computed by using
the dynamic model of the vehicle. An alternative is to let the optimization
parameters represent the flight trajectory directly.

The former representation is better from a vehicle control point of view.
The signal is a vehicle control signal and dynamical constraints are naturally
expressed in this basis. In general, these constraints are constant bounds if
simple dynamic models are used. A disadvantage is that a feedback loop, i.e.
an auto-pilot, is needed if we want the vehicle to follow a given trajectory or
visit a particular point. Furthermore, obstacle and threat avoidance constraints
are more difficult to include.

The latter representation is better from a sensor observation and planning
point of view. The flight path is given (almost) directly, thus, there is no
need for an auto-pilot and threat and obstacle constraints are relatively easy
to include. Furthermore, assume that the signal is created with a method
based on basis functions with limited range, e.g. B-Splines (see below). This
means that an optimization parameter is only affecting a finite stretch of the
flight path. Changing an optimization parameter in the rate of change of
heading representation, will affect the entire flight path after that very moment.
However, a disadvantage with optimization parameters representing the flight
path directly is that dynamical constraints of the vehicle are non-linear.

7.4.2 B-Splines

B-splines provides a flexible and computationally fast design to a large variety
of shapes, see Figure 7.2. A B-spline curve [48] is defined as

C(t) =
n∑
i=0

PiNi,p(t) (7.5)

where P0, ..., Pn are control points and Ni,p(t) are basis functions defined as

Ni,0(t) =
{

1 if ti ≤ t < ti+1

0 otherwise
(7.6)

Ni,p(t) =
t− ti

ti+p − ti
Ni,p−1(t) +

ti+p+1 − t

ti+p+1 − ti+1
Ni+1,p−1(t) (7.7)

The knot vector T is a nondecreasing sequence

T = {t0, t1, ..., tm} (7.8)

with ti ∈ [0, 1]. The knots tp+1, ..., tm−p−1 are called internal knots. The degree
is defined as p = m− n− 1.

In a nonperiodic B-spline the first p+ 1 knots are equal to 0 and last p+ 1
are equal to 1. For a uniform B-spline the internal knots are equally spaced.
A B-spline with no internal knots is a Bézier curve. A curve is p − k times
differentiable at a point where k duplicate knot values occur.

Nonuniform Rational B-Splines (NURBS) are a generalization of non-rational
B-splines with weighted control points. NURBS offer a mathematical form for
both standard analytical shapes and free form shapes.
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Figure 7.2: Example of a uniform B-Spline of degree 2 and its control points.

Curvature

In two dimensions, let a plane curve be given by Cartesian parametric equations
x = x(t) and y = y(t). Then the (extrinsic) curvature κ is defined [50] by

κ =
dφ

ds
=

dφ
dt
ds
dt

(7.9)

where φ is the tangential angle and s is the arc length. It can be shown [50]
that the curvature is

κ =
x′y′′ − y′x′′

(x′2 + y′2)3/2
(7.10)

7.4.3 Interpolation

An alternative approach is to use an interpolation method to compute the path.
Examples of methods are linear and cubic spline interpolation.

A cubic spline [49] is a spline constructed of piecewise third-order polyno-
mials which pass through a set of m control points. The second derivative of
each polynomial is commonly set to zero at the endpoints, since this provides
a boundary condition that completes the system of m− 2 equations.

Simulation Results with Cubic Spline Optimization

In this section we use cubic spline interpolation and let the optimizer search
for a number of control points (path points). Note that the resulting path
is considered as the flight path and not the rate of change of heading as in
Chapter 4. The result is compared with the method in Chapter 4.

The path points must be placed in such a way that the path is feasible and
the control signals corresponding to the path are bounded. This is done by
introducing geometrical bounds on the path points as shown in Figure 7.3. The
path points are the bigger points, and the smaller points are the interpolated
points in between. The first constraint is that the path points must be at a
certain distance d from each other. The second constraint is that the angle
ϕ is bounded. ϕi is the angle between two lines, one line going through path
points i− 2 and i− 1 and one line going through path points i− 1 and i.
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Figure 7.3: Geometrical bounds on the path. The bigger points are the path points and
the smaller points interpolated (e.g. spline) points in between. The distance d between
the path points is bounded, as well as the angle ϕ in the intersection of two splines.

Consider the example in Chapter 4, but now optimizing path points instead
of the control signal. The information is in three dimensions, with flight height
1 m and it would be the same situation as the left plot of Figure 4.16. The
feature and sensor are modelled as in Chapter 4. The states representing the
vehicle are removed from the model and the spline is used. The position could
be taken directly from the spline and the angle ψ could be calculated by using
the path points.

In the first simulations, the parameters describing the spline are

d = 1m Distance between the path points.
ϕ = 30◦ Angle bound between the path points.
ns = 3 Number of path points in each optimization step.

The distance between the path points is kept constant to resemble constant
velocity. The other simulations parameters are

[xf yf ] = [10 10]m Feature location

Y (0) = I3×3 · 10−3 Starting information

Q = I3×3 · 10−6 Process noise

R = σ2, σ = 2.5◦ Observation noise

The resulting trajectory, Figure 7.4 (left), is shaped as a spiral like the
simulation in Figure 4.3 in Chapter 4. Thus, the cubic spline optimization
gives about the same result as for the control signal optimization, which is
expected since the same information model is used. Figure 7.4 (right) shows two
simulation results where the distance is set d = 2 m and d = 3 m, respectively.

The simulations are so far very similar to the simulations in Chapter 4.
Arguing for the use of splines, it is very easy to place the path points with
different distance in between. The next simulation is the same as for in Fig-
ure 7.4 (left) but the distance is allowed to vary within 20%, i.e. the path point
distance is between 0.8 m and 1.2 m. This would be harder to implement in
the original model. The resulting path is shown in the left part of Figure 7.5.

In Figure 7.5 (right) the length between the path points varies with the
distance to the target. This opens up for two interpretations. The first is
that the vehicle will no longer travel with constant velocity, but instead travel
fast when it is far away and slow when it is close to the object. The other
interpretation is that the velocity is still constant and instead the number of
observations varies with the distance to the target.

To summarize, the cubic spline interpolation method is appropriate, the
resulting trajectory is similar to the result of the optimal control problem. The
interpolation methods are flexible, the properties of the path can easily be
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Figure 7.4: Left: The optimal trajectory with constant distance 1 m between the path
points. Each path point is marked with an ’x’ or a ’o’, the ’x’ points indicates a new
optimization. Right: The resulting trajectory for distance between path points: 1) 2 m
and 2) 3 m.
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Figure 7.5: Left: The resulting trajectory for a path with distance varying 0.8 and 1.2 m
between two spline points. All path points are marked with an ’x’. Right: The optimal
trajectory with varying distance in each subspline.

changed and it is easy to introduce forbidden flight zones or certain points that
the UAV must pass.

There is still, of course, the problem with many optima, and the number of
local optima increases with more path points or less tight bounds. The starting
values are also important for a successful result. However, the optimization
with cubic spline is faster than the corresponding optimal control problem.

7.5 General Path Planning Hierarchy

A problem is that all algorithms solving realistic problems become computa-
tionally very demanding due to the “curse of dimensionality”. A monolithic
planner is probably an unrealistic goal, thus a hierarchical decomposition is
required. The issue then is how to decompose the problem into sub-problems
that guarantee that the overall objective is achieved, see the discussion in
Section 2.7 that proposes a decomposition of planning into a functional and
temporal hierarchy.

Even the most simple bearings-only localization problem in Chapter 4 is
non-linear and non-convex. Adding more features, more degrees of freedom of
the vehicle, an actuated sensor gimbal, and a sensor with limited field of view
(see Chapter 8) will increase the complexity and the number of local optima
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enormously. However, the utility function will be smooth if the field of view
model is “nice”, but if a realistic occlusion model is included (Sections 9.2
and 9.3) the utility function will not be smooth, causing huges problems for
gradient based optimization routines, see Section 7.1.

Our working hypothesis is that our very complex problem can be solved by
successive refinement of the plan. First the planning horizon is long and the
system and environmental models are coarse. At the next planning level, the
planning horizon is shorter and the models more detailed and so on. Further-
more, at each planning level a suitable optimization routine are applied.

7.5.1 Planning Levels

In this section we propose a planning hierarchy that divides the problem into a
number of planning levels, see Figure 7.6. The objective is to find a “sufficiently
good” plan by successive refinement.

Figure 7.6: Proposed planning hierarchy.

Each level in the planning hierarchy has one local plan. The total plan
is the sum, in some sense, of all local plans at all levels 1 to N . The utility
function is always based on the total plan.

Let the local plan at level 1 be a coarse long term plan. Then, the local
plans 2 to N can be considered as deviations from plan 1. In general, the
lower planning levels have longer planning horizon and should capture the low
frequency behaviour and the higher planning levels should capture the high
frequency behaviour at the cost of shorter planning horizon. Thus, the models
of the system and the environment are more detailed at the higher planning
levels.

Initially, all local plans are zero. A coarse plan is first created at planning
level 1 and since all plans except plan 1 are zero, the total plan is then equal
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to plan 1. In the next step, local plan 2 is then considered. The total plan is
now the sum of the local plans 1 and 2. This is repeated for all planning levels
until level N . The final total plan is then executed.

In real world applications our knowledge could never be complete. The
plan at time t0 is based on the knowledge about features and environment at
time t0. However, during the execution of the plan, new knowledge is obtained
through observations of the world. Thus, we need to replan. For instance, at
time t0 a new plan for the time span [t0, t0 + tT ] is generated. During the
execution of this plan, a new object is discovered at time t1. Then a new plan
is generated for [t1, t1 + tT ], see Figure 7.7.

Figure 7.7: Replanning at time t1.

In our planning hierarchy, we have two replanning ways. For both alterna-
tives, we can go “back” to an arbitrarily planning level k and change the local
plan k. In the first alternative, we keep the all local plans, illustrated by the
green arrows to the right in Figure 7.6. The second alternative is a complete
replanning where all local plans k + 1, ..., N are set to zero, illustrated by the
red arrows to the left in Figure 7.6. However, the latter alternative requires
some constraints to avoid discontinuities in the total plan.

The proposed hierarchy results in a very flexible planning process. A plan
contains of a number of parameterized signals. Each signal represent a quantity
we need to optimize, e.g. the flight path, the sensor aiming direction, sensor
zoom, etc. At each planning level we decide which signal(s) to optimize and
the degree of freedom of the signal(s), e.g. when optimizing the flight path it is
possible to restrict the path to a plane. In general, it is advantageous to plan the
movements of the vehicle at the “earlier” planning levels and sensor properties
at the “later” planning levels. Compare with the discussion in Section 2.7.

7.5.2 NURBS Implementation

Consider a path planning problem. Each planning level has k NURBS curves.
For simplicity, we assume k = 1 in this section, but the method can be extended
to handle more than one curve. The planning levels i, i = 2, 3, ..., N have the
following options:

ni number of optimization points (parameters)
di control points divider, relative plan i− 1
ji planning dimensions
ri observation sample resolution

Furthermore, each planning level has one occlusion model and one field-of-view
model.

All NURBS curves are uniform, i.e. the knots are equally spaced. Curve i
has the same knots as curve i− 1 plus di − 1 new knots between every knot in
curve i− 1. The curve of plan i has

mi = (mi−1 − 2)di + 2, i = 2, 3, ..., N (7.11)

number of control points (assuming that the degree of the NURBS is 2). Plan
1 is a long term plan and all other plans are initially set to zero.
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A total plan is obtained by summarizing all plans, i = 1, 2, ..., N . Firstly,
new knots are inserted in all curves i = 1, 2, ..., N − 1, so all curves have the
same knot vector as curve N . There exist algorithms for inserting new control
points for specific knots values without changing the shape of the curve. Then
the control points are summarized for each knot value and a new curve can be
created based on these control points, see Figure 7.8

Figure 7.8: New control points are inserted in plans i = 1, 2, ..., N −1, so all plans have
the same number of points. Then the control points of all plans are added to create the
total plan.

The optimization process is as follows. An optimization routine is applied
to each planning level i = 2, 3, ..., N sequentially (we assume that plan 1 is
constant). The optimization evaluation is always performed on the total curve,
not on the curve i directly. The optimization parameters are ni points in the
curve i. The indexes in ji decides the degree of freedom of the curve. The
number of observations is defined by ri. Initially, all curves i = 2, 3, ..., N are
zero, but when optimizing plan i all curves i = 1, 2, ..., i − 1 are non-zero, in
general.

Now assume that we need to replan at the control point k in the summation
plan. Then all control points 1, 2, ..., k, k + 1, k + 2 are locked, i.e. their values
will not be changed any more. Control points k, k + 1, k + 2 are also locked to
assure a continuous summation plan. If we decide to replan at planning level i,
the optimization parameters will be the ni control points in curve i next to the
control point k + 2 in the total curve. The start values are either the current
curve (keep all curves) or the zero curve (all curves i, i+ 1, ..., N are zero), see
Figure 7.6.

In our case, the flight path is described directly by the total curve. Plan-
ning level 1 is the long term planning based on a WCSPP/TSP framework, see
Chapter 6. The level 1 plan is created based on prior knowledge of the surveil-
lance area and the mission. Planning levels 2 to N are based on the information
theoretic approach. To assure that the plan is feasible, the curvature of the
plan is calculated, see Section 7.4.2. The curvature is used as a penalty in the
optimization process.
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8 Limited Field-of-View and Sensor Planning

So far in this report we have assumed that the sensor is able to see in all
directions all the time. Furthermore, we have assumed that all objects and grid
points are visible from all positions. The only limitation has been a distance
dependent noise, i.e. observations contain more information the closer the
feature is. In this chapter we introduce a more realistic sensor model with
limited field-of-view. We also assume that the sensor pointing direction is
controllable. In the next chapter we also introduce occlusion in order to be
able to handle more realistic scenarios.

8.1 Expected Information Computation

We include the effects of limited field of view and occlusion by increasing the
measurement noise R, i.e. decreasing the expected information for each feature.
The expected information Ii for feature i is computed as before as

Ii = HTR−1
i H (8.1)

However, we divide the product R−1
i in two parts. The first part R̃−1

i is only de-
pendent on the sensor properties. The second part fi is a function of the sensor
position xs and aiming direction xc, and this part represents the information
degeneration due to range, limited field of view, occlusion, etc. Thus,

fi(xs,xc) = frangei (xs,xc)f
fov
i (xs,xc)focci (xs,xc) (8.2)

where f ji (xs,xc) ∈ [0, 1]. An example of frangei (xs,xc) has already been intro-
duced in Section 5.1.2 in the exponential penalty function modelling the limited
sensor range. This chapter will propose methods for modelling the limited field
of view, thus, the computation of ffovi (xs,xc). In Chapter 9 the occlusion and
the computation of focci (xs,xc) are considered.

8.2 Experimental Sensor System

The sensor system that serves as pattern is quickly presented here. The sensor
system is a gimballed EO/IR system with an IR QWIP sensor and a CCD
video sensor, see Figure 8.1. Field-of-view of the QWIP sensor is 20◦ × 15◦.
The gimbal has two actuated axes, pan and tilt. Pan axis is able to rotate
360◦, and the tilt axis is able to rotate approximately {10◦,−90◦}.

8.3 Sensor Pointing Path

There are some alternatives of how the sensor aiming can be represented. The
discussion in Section 7.4.1 is also relevant here. If a gimballed sensor is consid-
ered, it is natural to represent the aiming direction with pan and tilt angles.
The gimbal kinematic and dynamic constraints are then defined rather easily.
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Figure 8.1: The gimbal system. Left: Inner gimbal consists of an IR camera and a
colour CCD. Middle: The gimbal with demounted front. Right: Gimbal with mounted
front.

However, a sensor pointing path, representing the positions that the sensor is
pointing at, has some advantages from the planning point of view and will be
used in this report.

8.3.1 Cubic Spline Interpolation Implementation

The sensor pointing path is obtained in the same way as the vehicle path
described in Section 7.4.3. The optimizer searches for ns vehicle points and nc
sensor pointing points at the same time, see Figure 8.2. The vehicle and sensor

Figure 8.2: The cubic spline interpolation method with the vehicle path in the upper
plane and the sensor gazing path in the lower plane.

points are in two parallel planes, πs and πc respectively. It is not necessary
that ns = nc. An interpolating method is used to compute the complete vehicle
and sensor pointing trajectories. If not stated otherwise, a linear interpolating
method is used to compute the sensor pointing trajectory. It is possible to add
constraints on where to put the sensor points, as for the vehicle points, but in
the simulations in this report no constraints for the sensor points were applied.
The results are quite reasonable even without these constraints.

8.3.2 NURBS Implementation

The NURBS implementation presented in Section 7.5.2 is extended with a
sensor pointing curve. A curve is added to each planning level and the complete
sensor pointing curve is computed as described in Section 7.5.2. The number
of control points and knots are the same for both flight and sensor paths at
each planning level.
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8.4 Limited Field-of-View

The sensor has a limited field-of-view (FOV) and therefore it is only possible
to see features (objects and grid points) that are inside the sensor footprint on
the ground, Figure 8.3.

Figure 8.3:

8.4.1 Image Projection Model

Given a pinhole camera model, Figure 8.4, a point P = [X Y Z]T is pro-
jected on a virtual image plane onto the image point p = [x y]T according
to

p = − c

Z

[
X
Y

]
. (8.3)

If the image size is nx × ny pixels and the field of view is αx × αy, the camera
constant c is defined as

c =
ny

2 tan αy

2

. (8.4)

By using this model, it is possible to project the features onto the image plane
and, hence, decide if the features are visible or not.

Figure 8.4: The pinhole camera model.

Inversely, the image plane can be projected on a ground plane and the
resulting polygon is the sensor footprint, Figure 8.5.
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Figure 8.5: Projection of plane abcd on the plane πc.

8.4.2 Edge Function

The optimization routines based on gradient search will probably fail if we
state that all features inside the image plane abcd (or sensor footprint ABCD)
are fully visible and all features outside image plane are not seen at all. The
optimization requires a smooth transition between visibility and invisibility, or
in other words, the optimizer requires a non-zero gradient on the information
surface to know in which direction the information utility increases.

In practice, a smooth and continuous threshold function is defined for each
edge. Let w be the perpendicular distance to the line going through the edges,
i.e. w > 0 is “outside”, w = 0 is on the line/edge and w < 0 is “inside”, see
Figure 8.6. The threshold function is near 1 if w � 0 near 0 if w � 0. For

Figure 8.6: Definition of W relative the image plane. The red dot x̃f is a feature in xf

projected on the (extended) image plane.

instance,
fedge(w) = fatan(w)fexp(w) (8.5)

where
fatan(w) = 1/2 − 1

π
arctan(k1w) (8.6)

and

fexp(w) =
{

1, w < 0
exp(−k2w

2), w ≥ 0 (8.7)

66



FOI-R--1741--SE

The threshold behaviour comes from the arctan function, the exponential func-
tion is added to force the values “faster” to zero when w increases. The pa-
rameters k1 and k2 affect the slope and may also be dependent on w.

Finally, by taking the product of all four edge threshold functions a new
smooth and continuous threshold function ffov is obtained with values near 1
inside abcd and near 0 outside, i.e.

ffov(xs,xc) = fedge(wab)fedge(wbc)fedge(wcd)fedge(wda) (8.8)

Figures 8.7 shows some examples of the sensor footprint and figures 8.8 shows
the visibility value in the point [30 0]T as a function of xc. In these examples
the threshold functions are applied to the sensor footprint ABCD.
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Figure 8.7: Sensor footprint examples. Sensor located in [0 0]T at the altitude of 50 m.
Sensor aiming points are xc = [0 0]T , xc = [25 0]T , xc = [50 0]T , xc = [75 0]T ,
xc = [100 0]T , xc = [125 0]T .
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Figure 8.8: Visibility value in the point [30 0]T as a function of xc = [xc yc]
T where

xc ∈ {0, 100} and yc = 0.
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9 Occlusion Modelling

In high-altitude surveillance the 3d structure of the ground may be ignored
and the ground can be approximated with a plane. However, in low-altitude
surveillance, especially in urban environments, the 3d structure give rise to
occlusion that can not be ignored, Figure 9.1. In this chapter we introduce

Figure 9.1: Occlusion.

occlusion and some models of occlusion in order to be able to handle more re-
alistic scenarios. The effects of occlusion is included by decreasing the expected
information as described in Section 8.1.

In this report some preliminary results are based on a simple 2d angle-
dependent occlusion model. The 2d model is smooth and computationally
efficient. On the other hand, the model is a very simplified description of the
occlusion, but for some scenarios it will be faithful enough. For more complex
scenarios, models based on digital elevation models (DEM) and even more
detailed geometric models rendered using graphics hardware, OpenGL and
OSG tools are needed. However, the computational complexity is increased,
and the utility function will be non-smooth. Thus, the requirements on the
optimization routines become even harder.

9.1 Occlusion Model Based on the Angle of Incidence

One simple model of occlusion is to consider the angle of incidence to a feature
in the horizontal plane, i.e. the angle of depression is ignored.

Figure 9.2: γ, angle of incidence.
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Each feature has a visibility function focc(γ) where γ is the angle of inci-
dence, see Figure 9.2. Furthermore, the function is bounded as 0 ≤ focc(γ) ≤ 1
and defined for γ ∈ [−π, π). focc near one means that the feature is seen and
focc near zero that the feature is occluded. It is possible to achieve an occlu-
sion model that also depends on the angle of depression by modification of the
range parameters rmax and kR introduced in Chapter 5.

Figure 9.3 shows four examples of the visibility function focc(γ) and the
corresponding symbol that will be used in the next chapter. Figure 9.4 shows
an example of how the occlusion may be defined in a road surveillance example
with foliage occlusion.
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Figure 9.3: Four examples of the visibility function focc(γ).

Figure 9.4: An example of how the 2d occlusion models may be defined in a road
surveillance example. A number of grid points are placed along the road. Each grid
point has an occlusion model, indicated by the circular symbol.
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9.2 Digital Elevation Models

Typically current maps have some associated elevation data usually organized
as a matrix of heights, a digital elevation model (DEM). Using laser data
collected over the terrain in the scenario studied in this report a DEM with
a resolution of 2x2 m squares was constructed, Figure 9.5. The DEM is a
combination of three height maps Zmax with the maximum, Zmin with the
minimum and Zmean with the mean of the measurements within each 2x2 m
cell. From these three matrices a new model was constructed using the mean
value whenever it was within 1 m from the min-value to get good representation
of the ground and otherwise the one extreme closest to the mean to achieve a
good representation of occluders and free space. The visibility is modelled in
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Figure 9.5: Digital elevation model of selected scenario. Each cell represents a 2x2 m
squares using the maximum elevation in the cell if the mean elevation is closer to max
than min to not underestimate occlusion from tree cover.

the DEM by comparing the line of sight by the interpolated height from the
DEM along a line with the same ground coordinates as the line of sight. In
Figure 9.6 a typical sight-line is illustrated on the DEM. The corresponding
height is illustrated in Figure 9.9

If the z-coordinate of the line of sight z(i)LOS exceeds the interpolated
height z(i)DEM of the cell ci it is considered free otherwise the occlusion is
modelled as proportional to the difference as:

occi = exp
(

− (z(i)DEM − z(i)LOS)2

2d2

)
(9.1)

where d is a tuning parameter to model the amount of occlusion as a function
of how close to the treetop the line of sight passes through the cell. Note, this
model of occlusion is an ad hoc model and has not been physically derived.
The occlusion is then calculated as the product of the occlusion in all cells
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Figure 9.6: A sight-line superimposed on a zoom-in of the DEM of the scenario.

along the line of sight

focc(xs,xc) =
n∏
i=1

occi (9.2)

Since the occlusion from an individual tree introduces non-linearities com-
plicating the optimization two more DEM:s are introduced. They are based on
grayscale morphology using spherical construction elements. The result of the
morphological operations dilation and erosion can be thought of as the height
of the center position of a sphere resting above the surface (dilation) or be-
low the surface (erosion). The operation of first eroding and then dilating the
DEM gives the opening of the DEM representing an optimistic view removing
geometries smaller than the sphere, Figure 9.7. The other operation closing
are based on the opposite sequence of dilation followed by erosion giving a
pessimistic model of the visibility, Figure 9.8.

In this report the occlusion result from the two views are combined by a
tuning parameter in an ad hoc way to avoid the local minima in an algorithm
similar to continuation methods [3]. In continuation methods the solutions
of a family of “smoother” problems (occlusion on the eroded/dilated DEM)
related to the original problem are used as initialization to the real problem,
thus avoiding many or, in the best case, all local minima.

In future work, they can also be used to represent the effect of Planning
& Navigation Support, see Section 2.5. The idea is that if the geometry or
navigation is uncertain Murphy’s law would cause the expectation of future
information beyond the short control horizon to equal the pessimistic view.
However, if sensor resources are allocated to model an area beyond the short
control-horizon it will allow future control actions that eliminate the occlusion
of singleton trees making the optimistic view the correct expected future obser-
vations. For the short control horizon the final optimization is of course always
based on the original DEM
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Figure 9.7: Contours for every 5 m in height, for an optimistic occlusion model, pro-
duced using grayscale erosion followed by dilation with a spheroid of 20m radius and
a height of 7m.

9.3 Hardware Accelerated Computer Graphics Models

Under the influence of the computer-gaming industry a performance-race is
underway for the graphics boards of today. Given a good geometric model,
good performance is to be expected for the calculation and removal of hidden
surfaces in a visual image. Parts of the model used in this report are illustrated
in Figure 9.10.

The need for a modelling of occlusion in the sensor is thus possible to
meet using calls to the graphics board. One remaining problem to achieve
high performance is the bottleneck of communicating result to and from the
graphics board so the best results are achieved if as much as possible can
be calculated on the board. Similar problems receiving interest within the
computer graphics (CG) community is shadow-casting and occlusion modelling
for fast walkthroughs. Real-time rendering of shadows gives important clues
to the structure of a scene and contributes to the realism of the images [21].
For this reason, methods for shadow calculation directly on the graphics board
exist today. However, the geometric problem of computing shadows of an
extended light source is equivalent to the problem of calculating the visibility
of the same surface from positions along the extended light source, and actually
some algorithms is based on that by rendering the scene from the point of the
light source [38]. The purpose of occlusion modelling for fast walkthroughs is
to avoid sending much of the geometry to the rendering pipeline to speed up
rendering of large models, for some examples see [43], [11], [42], [20] and [22] .
Post processing of this sort would obviously also give a speedup of the visibility
calculations needed for the present information-gathering problem.

Due to limited resources within the present project these extensions have
not been tested. The possibilities have instead been explored using a sim-
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Figure 9.8: Pessimistic occlusion model, where the contours represent steps of 5m
in height. The DEM was produced using grayscale dilation followed by erosion with
a spheroid of 20m radius and a height of 7m. Notice that the road between the two
woods is almost completely covered except for the glen in the south-west.

pler interface to the graphics board based on an open source toolkit1 using
an in-house developed Matlab interface [7]. This interface does not achieve
the real-time properties expected in a final system but gives an indication of
future possibilities. The model used is a high fidelity model based on measure-
ments from an airborne laser with normally about 16 measurements/m2. The
measurements have been post-processed to extract ground, trees [37] and build-
ings [19]. Using this model gives indications on future possibilities when given
high resolution a priori models. In principle the algorithm is based on directly
simulating the view of the sensor as in Figure 9.10. By adding coloured patches
to the otherwise grayscale model the amount of the patches visible from the
viewpoint is easily extracted as in Figure 9.11. A second view using only the
scene patches gives an unoccluded view, where each patch is colour coded to
achieve direct identification as in Figure 9.12. Given the pixel count (or area)
Au(xs,xc), of the unoccluded patch, and the pixel count (“weighted area”)
Ao(xs,xc) of the possibly occluded patch, the occlusion function is directly
calculated as the ratio:

focc(xs,xc) =
Ao(xs,xc)
Au(xs,xc)

(9.3)

The corresponding views for a more realistic vantage point are given in Figures
9.13, 9.14 and 9.15. Note that in the currently presented algorithm, self
occlusion is not modelled. The patches are assumed to be so small and on
reasonably flat surfaces so that no terrain within the patch can seriously occlude
other areas of the same patch.

1Open Scene Graph http://www.openscenegraph.org/
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Figure 9.9: A plot of the terrain profile for a given line of sight. The height profiles
are based on the original DEM, the optimistic DEM (dash-dotted) and the pessimistic
height.
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Figure 9.10: A rendering of a high resolution model with patches representing a surface
cover task superpositioned on the ground surface, viewed from a high vantage point.
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Figure 9.11: The occlusion of surface patches using a high resolution model with
patches representing a surface cover task superpositioned on the ground surface,
viewed from a high vantage point.
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Figure 9.12: A rendering of colour coded surface patches representing a surface cover
task. The red channel is illustrated in gray scale.
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Figure 9.13: A typical view of a high resolution model with patches representing a
surface cover task superpositioned on the ground surface.
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Figure 9.14: The occlusion of surface patches in a typical view using a high resolution
model with patches representing a surface cover task superpositioned on the ground
surface.
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Figure 9.15: A rendering of colour coded surface patches representing a typical view
from a surface cover task. The red channel is illustrated in gray scale.
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10 Simulation Results

In this chapter we put the pieces presented in this report together. We use
concurrent path and sensor planning to solve a number of surveillance missions.
The simulation results are highly dependent on the simulation settings. The
purpose of this chapter is not to show how different parameter settings affect
the result.

10.1 Road, Building and Objects Surveillance; Cubic Spline
Implementation

The task in this section is to survey a road segment and a building, and to
detect and localize an object on the road, see Figure 10.1. A number of grid

Figure 10.1: Road surveillance scenario. A road segment (red lines) and a building
(blue rectangle). In addition, there is an object on the road.

points along the road and around the building are set out. The number of grid
points is a compromise between long computational time and fair area coverage.
An occlusion model is connected to each grid point, and points on the edge of
a wood and around the building are partly occluded, see Figure 10.2.

In this simulation a replanning is done when the object is “detected” and
“localized”. An object is “detected” and “localized” if its information value
(here the determinant) is above some thresholds Idetected and Ilocalized, respec-
tively. The logarithm-determinant utility and fminunc in Matlab Optimization
Toolbox 2.2 are used.

Figure 10.3 shows the path of the vehicle and the information values at each
grid point. Figure 10.4 shows, besides the vehicle path, the gaze direction of
the sensor at some points. Flying around the building is reasonable according
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Figure 10.2: An occlusion model is associated with each grid point.

to the occlusion definitions of the grid points, the sensor can not “see” all grid
points from just one direction.

Figures 10.5-10.6 show two snapshots of the simulation. The sensor foot-
print is illustrated as a contour plot, white represents the area that the sensor
is “seeing” and the position of the vehicle is indicated by the star/circle. In
Figure 10.6 the sensor is gazing at the detected object. Note the covariance
ellipse of the object. Note that this covariance is based on the information state
of the object, i.e. it is related, but not equivalent, to the position uncertainty.
The yellow pentagram shows the position of the vehicle when the object was
“detected” and a replanning was performed.
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Figure 10.3: Vehicle path and information values at each grid point.
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Figure 10.4: The gaze direction of the sensor at some points.

Figure 10.5: Sensor footprint illustrated as a contour plot.

Figure 10.6: Sensor gazing at the object.
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10.2 Road and Objects Surveillance; Cubic Spline
Implementation

This simulation is similar to the simulation in the previous section. The mis-
sion is to survey a road segment, some edge of woods and five objects. An
occlusion model is connected with each feature. In addition, each feature has
also a range function with an individual maximum range parameters. In gen-
eral, features in the wood have short maximum range and features on a field
have long maximum range. Figure 10.7 shows the position of all features and
their occlusion symbols. Unlike the previous simulation, the objects are known
beforehand.

At each planning step, the optimization is over one point of the flight path
and two points of the sensor path. The logarithm-determinant utility and
fminunc in Matlab Optimization Toolbox 3.0 are used.

The simulation result can be seen in Figures 10.8 and 10.9. Figure 10.8
only shows the vehicle path, in Figure 10.9 the sensor pointing directions are
also given. Two snapshots of the simulation are shown in Figures 10.10 and
10.11.

Figure 10.7: Road and objects surveillance scenario. Feature positions and their occlu-
sion symbols. Plus, diamond and star signs represent short, medium, long maximum
range, respectively.
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X

Y

Figure 10.8: The vehicle path is in red, the (re)planning locations are marked with red
stars. Green dots are the grid points and pentagrams are the objects.

X

Y

Figure 10.9: The vehicle path is in red and the sensor pointing path in blue. Some of
the aiming directions between the two paths are also plotted as cyan lines. Green dots
are the grid points and pentagrams are the objects.
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Figure 10.10: Simulation snapshot 1.

Figure 10.11: Simulation snapshot 2.
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10.3 Road and Area Surveillance; NURBS implementation

In this section an example of the NURBS implementation of the planning
hierarchy, presented in Section 7.5.1, is given. The area grid points are the
same as in the previous section, but no objects are included. Two curves are
used, one curve representing the vehicle trajectory and one curve representing
the sensor aiming directions. We have three planning levels, of which the first
level is given by a long term plan, see Chapter 6. Recall the parameters in
Section 7.5.1.

ni number of optimization points
di control points divider, relative plan i− 1
ji planning dimensions

In this simulation we have the following values

n1
2 = n1

2 = n1
2 = n1

2 = 4
d2 = d3 = 2
j12 = j22 = j13 = j23 = [x, y]

where super index 1 is the vehicle curve and super index 2 is the sensor pointing
curve. Thus, the “resolution” is doubled at each planning level and the planning
of curves is done in a plane, i.e. the z (altitude) component is constant. The
number of optimization parameters at both planning level 2 and 3 are n ∗
dim(j) ∗ #curves = 4 ∗ 2 ∗ 2 = 16.

Both planning level 2 and 3 are using a field-of-view model based on the
image projection model in Section 8.4.1. No occlusion model is used at plan-
ning level 2, i.e. the features are fully visible from all directions. Planning
level 3 has an occlusion model based on a DEM model, see Section 9.2. The
logarithm-determinant utility and fminunc in Matlab Optimization Toolbox
3.0 are used. However, note that fminunc is not suitable for problems with the
DEM-occlusion model. At first hand, the reader should consider this simulation
as an example of the proposed NURBS planning hierarchy.

Figure 10.12 shows the long term plan (red curve), the vehicle curve and
the sensor pointing curve are initially the same. The positions of the area grid
points are marked with green dots. The planning results from level 2 and 3 can
be seen as thick curves in Figures 10.13 and 10.14, respectively. The red curves
are the vehicle path and the blue curves are the sensor pointing path on the
ground. The thin curves are the planning result from the previous planning
level or planning step. Replanning points are marked with black circles, the
path stretch before and near this point are locked. Figures 10.15 and 10.16
shows the planning result of the second planning step and Figures 10.17 shows
the third planning step.
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Figure 10.12: Planning level 1. Long term plan result.

X

Y

Figure 10.13: Planning step 1. Result from planning level 2.
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Figure 10.14: Planning step 1. Result from planning level 3.
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Y

Figure 10.15: Planning step 2. Result from planning level 2.
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Figure 10.16: Planning step 2. Result from planning level 3.
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Y

Figure 10.17: Planning step 3. Result from planning level 2.
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11 Theoretical Aspects of the Method

In this chapter, which is to a high degree independent of the rest of this report,
the general problem of information based guidance is addressed from the point
of view of likelihood based inference and differential geometry. It is aimed
at showing, or at least indicating, that the information filter approach has a
much wider scope and validity than it was originally designed for [16]. In the
usual approach, the information filter is motivated by reference to a normally
distributed error model, and the Fisher information matrix enters essentially
as the inverse of the covariance matrix (which is correct for a translational,
normal measurement model). The variables, however undergo a variety of
nonlinear transformations in the course of the derivation, and hence it is less
clear what the final formulas will tell us. The form of the information filter, on
the other hand, coincides with that of the ubiquitous Extended Kalman Filter,
rewritten in terms of the inverse of the variance. The theoretical rationale
for the Extended Kalman Filter is however rather meager, though [26] gives
some results. As an alternative to the normal/variance/Kalman approach we
here present a likelihood oriented approach, which so to speak takes the term
“information filter” literally.

This approach is still somewhat heuristic, to the extent that it assumes
that the likelihood function is sufficiently well represented by the location of
its maximum (which is assumed to be unique) and by the Hessian at that point
(“the observed information”). (This will indeed hold asymptotically.) It is also
assumed that the “best” planning for future information gain is to maximize
the most likely expected future information. From a decision theoretical point
of view, this is only one choice (albeit quite natural) among many possible.

In this chapter, the presentation is rather demanding, giving only a very
superficial overview of underlying mathematics and assuming familiarity with
some differential geometric concepts. For a good background in differential
geometrical terminology, the reader may want to consult a text like [1]. A
good book on likelihood based inference is [36]. After a section on the different
approaches to statistics, the geometry of parametric models is presented. This
is a quite new subject (“statistical geometry” or “informational geometry”),
which may be studied in [18, 4, 31, 25]. A recent good book on optimal control
is [2].

11.1 A Short Overview of Statistics

11.1.1 Frequentists, Bayesians and Likelihoodists

In spite of the well-known rigor of modern probability theory with its axiomat-
ics and highly technical architecture, there is at present no consensus about the
‘practical’ interpretation of probability and its application to real-life problems
in statistics. Three main schools of statisticians may be identified: frequentists,
Bayesians and likelihoodists [13, 36]. Their differences may be illustrated by
their respective approaches to, say, interval estimation of an unknown param-
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eter.
The frequentist approach is to construct some (random) interval from a

random variable. For a given sample this gives a certain confidence interval,
with a ‘confidence’ defined as the probability with which the random interval
covers the true value of the parameter. This is hence an average property of
the method. It is easy to construct examples where a confidence interval with
high confidence in some (improbable) outcomes may be such that one may
know with certainty that the true parameter value is outside the interval. An
(ultra-)orthodox frequentist would however still report this confidence interval.
Furthermore, an orthodox frequentist would refrain from drawing rather safe
conclusions from data on the grounds that the sampling method on an average
would be unsufficient for this conclusion. The frequentist approach has a nice
and clean foundation in probability theory, but is perhaps best aimed at judging
methods in advance, before one has any actual data.

The Bayesian approach is akin to consider the unknown parameter itself
as a random variable, to the extent that it is assigned a probability distri-
bution. Since we think of this parameter as a fixed but unknown value, this
implies an intepretation of probability different from that of the frequentists
(and likelihoodists). Indeed, the Bayesian approach is to think of probabil-
ity as representing our state of knowledge. This ‘state of knowledge’ may be
objective or subjective. In the objective case, the probability distribution is
constructed from known facts according to well-defined rules, independent of
any choices (such as parametrizations), states of mind or mood that we may
have. A subjective Bayesian probability may allow such dependencies. In the
interval estimation case, the parameter is assigned an apriori probability distri-
bution, independent of any outcomes, which represents our prior knowledge (or
lack thereof) of the parameter. When a sample is drawn, the probability dis-
tribution is updated to a posterior probability distribution by means of Bayes’s
theorem. (This procedure may be repeated recursively.) Finally, a Bayesian
interval can be constructed so that it contains a prescribed posterior probabil-
ity. The Bayesian approach is formally simple and clean, representing all kinds
of uncertainties in a unified way as probabilities. This is however also its great
weakness, since representing complete ignorance in terms of probability leads
to strange paradoxa.

The likelihoodist approach would be to compute the likelihood function
of the parameter, given an outcome. A likelihood interval is an interval such
that the (normalized) likelihood function is less than a prescribed value outside
the interval. This depends on (the model and) the outcome alone and is thus
independent of the sampling method’s average properties or any choice of prior
probability. When more data are obtained, the likelihood function is updated
according to simple rules (loglikelihoods are added) so this approach is also
recursive. It has also been suggested that subjective prior likelihoods may serve
as representation of subjective or vaguely percieved prior knowledge, thereby
providing an alternative to subjective Bayesianism.

In most real-life applications the three schools of statistics lead to compa-
rable results, at least asymptotically for large samples. This chapter is written
mainly with the likelihoodist perspective.

11.1.2 The Envelope Paradox

You are offered to choose one of two envelopes, one of which contains twice the
amount of money as the other [36]. You are not told the size of these amounts
or which envelope contains the larger amount. You make a choice and when
you open your envelope, you find that the amount of money inside is x. At this
point you are offered the possibility of shifting to the other envelope. Since the
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other envelope contains either x
2 or 2x, both possibilities being equally likely,

it is tempting to compute an expected value as y = 1
2
x
2 + 1

22x = 5x
4 which is

> x. So, you should indeed select the other envelope instead, regardless of the
actual value of x. This holds even if you never opened the first envelope (since
x is arbitrary). Obviously this reasoning is paradoxial, since if you do not open
the first envelope and then change to the second envelope, you are back in a
situation equivalent to that, when you had just chosen your first envelope.

This paradox has been analysed by many people, as has the rather similar
St. Petersburg paradox. Bayesians assign prior probabilities (in different ways)
to the amounts of money in the envelopes.

The likelihoodist solution is simple: the possibilities x
2 or 2x being equally

likely (equal likelihood) does not make them ”equally probable”, in the sense
of probability theory. The two cases are like two possible values of an unknown
parameter, without any prior probabilities defined. There is therefore no ra-
tionale for considering the above average value y as an expectation, and the
paradox evaporates.

11.1.3 Inference Problems and Decision Problems

In statistics two main types of problems may be identified, inference problems
and decision problems [47]. Suppose we have a sample x1 from a random
variable with probability density p (x, θ) dx. A typical inference problem is to
give a point estimate θ̂(x1) of the unknown paramenter θ. The estimate should
have ”good statistical properties” in some sense made precise by standard
statistical theory. But it should also be objective, in the sense that whatever
inference is made, it should not depend on irrelevant parameters. This is
the paradigm of ”the scientific method”. The conclusions drawn should be
invariant under symmetry operations leaving the relevant parameters invariant.

In a decision problem, on the other hand, we may acknowledge that in some
problems, it may be for instance more advantageous to make point estimates
that are in general larger, say, than the true value. A decision problem hence
needs, for its formulation, a choice of utility function, the value of which is
maximized or at least used as a measure of how good a decision strategy is.

Formally, inference problems may be regarded as particular decision prob-
lems, where the utility function satisfies some symmetry or naturality condition.
For instance, the maximum likelihood point estimator is characterized by utility
being equal to likelihood, while the ”corrected” maximum likelihood estimator
(achieving ”unbiasedness” in the decisionmaker’s preferred coordinates) relies
on a subjective utility function.

In this chaper the view is held, that information-based guidance is of a
decision theoretic nature, but that the subjectivity only enters when a utility
function is formed from the information matrix. Otherwise, it is an inference
problem. Its formulation should therefore enjoy all symmetry properties of
a true inference problem, which includes reparametrization invariance of the
stochastic variables, reparametrization invariance of the parameters etc.

The systematic study of such reparametrization properties is the subject of
a recent subject: statistical geometry [18, 4, 31, 25].

11.2 Statistical Manifolds

In this section, a differential geometric oriented presentation of parametric
models is given, cf. [18], [31].

91



FOI-R--1741--SE

11.2.1 Parametric Models without Parameters

A statistical model may be described as follows. Given the n-dimensional
manifold M , a subset, S of the smooth nowhere vanishing probability densities
on M (i.e. elements φ of Γ (M, |Λn|M) satisfying φ > 0 everywhere and

∫
M
φ =

1 ) is a ‘parametric model’. If S is given a manifold structure (of dimension
N , say) such that the pointwise evaluations mapping ρSM

ρSM : S ×M → |Λn|M

is jointly smooth, then S is a statistical manifold, and the triple (M,S, ρSM )
is a smooth parametric model. (The ‘parameters’ of the model are the local
coordinate functions on S).

Our aim is to understand such smooth ‘parametric’ models in a coordinate-
free fashion, so as to identify genuine properties of the triple (M,S, ρSM ),
irrespective of any choice of coordinates on either M or S. In more technical
terms, we look for invariants of (M,S, ρSM ) under the actions of independent
simultaneous diffeomorphisms of S and M .

It turns out that the structure of smooth parametric models is so rich, that
(generically) more or less unique standard parameterizations can be defined.
Nevertheless, it is often useful to restrict attention to smaller sets of invari-
ants (of certain forms), that do not suffice to determine canonical coordinate
systems.

11.2.2 Examples

1) An ad hoc model on the unit circle S is given by

M = Sx(= Rx/2πZ)
S = Sx0

ρ (x0, x) =
2 + sin (x− x0)

4π
|dx|

We see that a simultaneous rotation of both circles M and S leaves the model
invariant. The formulas suggest that S may be identified with M via x ↔ x0,
and that this would provide a preferred point estimate of x0 ∈ S, given x ∈ M .
On the other hand, by Moser’s theorem below, there exists a diffeomorphism
of S whose pullback of the density x0 ∈ S is 1

2π |dx|, which does not seem
to single out any natural point estimate. Hence, if the identification x ↔ x0

(or the corresponding point estimate) has any invariant meaning at all, it is a
property of the geometry of the whole model (M,S, ρSM ) and not of any single
density x0.

2) The one-dimensional normal family is given by

M = Rx
S = Rξ × R+

σ

ρ (ξ, σ, x) =
e

−1
2σ2 (x−ξ)2

σ
√

2π
|dx|

Most of the discussion of the preceding example carries over to this one. This
model is an example of an exponential family, which implies a benign behavior.
The property of being exponential is invariant, and is related to the vanish-
ing of the curvature of an appropriate Amari connection. We shall return to
this example in order to compute, among other things, its Fisher information
metric.
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11.2.3 Moser’s Theorem

The following is a well-known theorem of differential geometry: two nowhere
vanishing volume forms on a compact, oriented manifold M are equivalent
via the pullback of a diffeomorphism, if and only if they have the same total
volume. This can be proved by a Lie transform method [1].

Apart from technicalities (compact and oriented manifold), this theorem
tells us that, generally, single probability densities on M have no individual
properties. As the second simplest invariants would be properties of pairs of
densities, we turn our attention to these.

11.2.4 Invariants of a pair of probability densities

Let ρ1 and ρ2 be two nowhere vanishing probability densities on the manifold
M . Their quotient q

ρ2 = q ρ1

is a mapping q : M → R+. The push-forward of ρ1 (as a measure), q∗ρ1, is a
probability measure on R+, whose probability function, F ,

F : R+ → [0, 1]

is a function space invariant of the pair ρ1 and ρ2. It is our conjecture that
there are no further pair invariants. This would imply that any scalar pair
invariant may be written in terms of invariants of the form∫

M

f (q) ρ1

and it is clear that for every function f , this expression is an invariant.
For the special choice

f (q) = − ln q

this is the famous Kullback-Leibler divergence and for the choice

f (q) =
√
q

this is the scalar product of the fractional densities √
ρ1 and √

ρ2 as unit vec-
tors in the natural Hilbert space of square-roots of probability densities. The
squared Hilbert distance between √

ρ1 and √
ρ2, a.k.a. the Hellinger metric is

2 − 2
∫
M

√
qρ1

11.2.5 Invariants of Infinitesimally Close Pairs

Let ε 7→ ρε be a smooth one-dimensional family of densities, and consider the
Taylor coefficients of

Iε =
∫
M

f (qε) ρ0

It holds that

Iε = f (1) +
ε2

2
f ′′ (1)

∫
M

(
ρ′
0

ρ0

)2

ρ0 +

+
ε3

6

f ′′′ (1)
∫
M

(
ρ′
0

ρ0

)3

ρ0 + 3f ′′ (1)
∫
M

(
ρ′
0

ρ0

) (
ρ′′
0

ρ0

)
ρ0

 +O
(
ε4

)
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The family ε 7→ ρε is a curve on S. In terms of local coordinates θA, (A =
1..N), the curve is given by ε 7→ θA(ε). Introducing the Fisher information
metric

gAB =
∫
M

ρ′
A

ρ

ρ′
B

ρ
ρ

and the skewness tensor

TABC =
∫
M

ρ′
A

ρ

ρ′
B

ρ

ρ′
C

ρ
ρ

the above formula takes the form

Iε = f (1) +
ε2

2
f ′′ (1) gAB θ̇Aθ̇B +

ε3

2
f ′′ (1) gAB θ̇A

0

D θ̇B

dt
+

+
ε3

6

(
f ′′′ (1) +

3
2
f ′′ (1)

)
TABC θ̇

Aθ̇B θ̇C +O
(
ε4

)
where

0
Dθ̇

B

dt is the acceleration w.r.t. the Levi-Civita connection of the Fisher
metric.

0

D θ̇B

dt
= θ̈B+

0

ΓBAC θ̇Aθ̇C

where
0

ΓABC= 1
2g
AD

(
∂
∂θC gDB + ∂

∂θB gCD − ∂
∂θD gBC

)
are the Christoffel sym-

bols for the Levi-Civita connection.
With the introduction of Amari’s α-connections

α

ΓABC =
0

ΓABC −α

2
gADTDBC

(α ∈ R)

we may also write

Iε = f (1) +
ε2

2
f ′′ (1) gAB θ̇Aθ̇B +

ε3

2
f ′′ (1) gAB θ̇A

−1

D θ̇B

dt
+

+
ε3

6
f ′′′ (1)TABC θ̇Aθ̇B θ̇C +O

(
ε4

)
where

−1
Dθ̇

B

dt = θ̈B+
−1

ΓBAC θ̇Aθ̇C is the acceleration w.r.t. Amari’s −1-
connection.

Summing up, we see that any invariant measure of divergence, has an
O

(
ε4

)
-expansion in terms of the Fisher metric and the skewness tensor.

11.2.6 Exponential Families

In the important case, when the smooth parametric model (M,S, ρSM ) has the
following properties

• S is an open subset of RNθ

• ρSM (θ, x) = ec0(x)+θ
AcA(x)−ψ(θ) |dnx| for some functions cA on M .
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it is said to constitute an exponential family [5].
It is obvious that this functional form is invariant under an affine change

of θA, and it is in fact elementary to show that no other reparametrization can
preserve this form. Put in other words, to the exponential family is associated
a flat affine connection. It turns out that this connection is the +1-Amari
connection, which for this reason is also called the exponential connection.

11.2.7 Examples

Returning to our earlier examples, for the family

ρ (x0, x) =
2 + sin (x− x0)

4π
|dx|

we may compute the Fisher metric g =
(
1 −

√
3

2

)
dx0 ⊗ dx0 and the skewness

T = 0. The identification x ↔ x0 is the maximum likelihood point estimate.
The

α

Γ-geodesic coordinate x0 on S hence translates into a preferred coordi-
nate x on M , so the given parameterizations (x and x0) of M and S may be
reconstructed from properties of the model itself, up to a common additive
term.

For the family

ρ (ξ, σ, x) =
e

−1
2σ2 (x−ξ)2

σ
√

2π
|dx|

we have

g =
1
σ2

(dξ ⊗ dξ + 2dσ ⊗ dσ)

T =
2
σ3

(4dσ ⊗ dσ ⊗ dσ + dξ ⊗ dξ ⊗ dσ + dσ ⊗ dξ ⊗ dξ + dξ ⊗ dσ ⊗ dξ)

The Fisher metric is that of the standard hyperbolic plane [31], while the
nontrivial skewness tensor in this case leads to a flat exponential connection,
confirming that the normal family is an exponential family. Affine coordinates
for this family are

θ1 =
−1
2σ2

θ2 =
ξ

σ2

The Fisher metric is invariant under the full hyperbolic group, while only
ξ-translations, simultaneous rescaling of σ and ξ and combinations of these are
symmetries for both g and T .

Finally, for the Cauchy family

ρ (ξ, σ, x) =
1
π

σ

(x− ξ)2 + σ2
|dx|

we have

g =
1

2σ2
(dξ ⊗ dξ + dσ ⊗ dσ)

T = 0

Again, the Fisher metric is that of the hyperbolic plane. Both the metric
and the (trivial) skewness tensor are invariant under the full hyperbolic group:

z 7→ az + b

cz + d
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where a, b, c and d are real with ad− bc = 1 and the complex coordinate z is
given by

z = ξ + iσ

The higher invariance of the Cauchy family reflects the fact that if X is a
Cauchy random variable, so is

aX + b

cX + d

This invariance of the Cauchy family under the group of projective transfor-
mations, makes it particularly interesting in camera modelling.

Cauchy distributed errors may also be used at the level of theoretical inves-
tigations of information based guidance, since they lead to nontrivial maximum
likelihood estimators. (Simply taking the arithmetic mean of a m-fold sample
from a Cauchy variable will not decrease the width of the distribution density
function.) In short, the Cauchy family gives a very transparent illustration
of the fact that the asymptotic formulas for the distribution of the maximum
likelihood estimator is a quite different thing than the central limit theorem.

11.2.8 Transformational Families

A statistical manifold (associated to the statistical model (M,S, ρSM )) is a
transformational family with respect to the group G of transformations on S
if there is a representation τ of G as transformations on M , such that

ρSM (γ (s) , τγ (m)) = ρSM (s,m)

identically in γ ∈ G. The case when S = G (and the action on S is group
multiplication) is particularly simple. The Cauchy family is of course an ex-
treme example, having a three-dimensional transformation group for a two-
dimensional family. For the distributions of interest in this report, there is a
one-dimensional transformational symmetry: a measurement error is added to
the true value. In the literature, there is sometimes introduced a distinction
between what is called a location model and a scale model, the former hav-
ing an additive group action, the latter a multiplicative one. A logarithmic
reparametrization, however, turns one into the other, so there is no real differ-
ence. In fact any one-dimensional transformation model may be represented
as a location model.

11.2.9 The Fréchet-Darmois-Cramér-Rao bound

Let (M,S, ρSM ) be a parametric model and f a real valued function on M
and let the expectation of f be F . The ”expectation” depends on the actual
distribution, so F is a function on S. Let Y be an arbitrary vector field on S,
later to be chosen conveniently. Taking the Y Lie derivative [1] of the identity∫

M

(f − F )ρdx = 0

we arrive at ∫
M

(f − F )(LY ln ρ)ρdx = LY F

The Cauchy-Schwarz inequality then gives∫
M

(f − F )2ρdx
∫
M

(LY ln ρ)2ρdx ≥ (LY F )2

Here
∫
M

(LY ln ρ)2ρdx may be written in terms of the Fisher information
metric as gABY AY B . If, finally Y is chosen so that (LY F )2

gABY AY B is maximized, i.e.
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so that Y A = gAB ∂F
∂θB (where gAB are the components of the inverse metric),

we arrive at the general lower bound on the variance V =
∫
M

(f −F )2ρdx of f
(which by construction is an unbiased estimator of F ).

V ≥ gAB
∂F

∂θA
∂F

∂θB

The result holds whenever the integrals considered exist, and the parameter
dependency is smooth.

11.2.10 Invariant Priors

Our main formal objection to the Bayesian approach is that “complete igno-
rance” is represented by a “uniform” probability density, though the “unifor-
mity” is in the eye of the beholder, to the extent that this property is not
invariant under reparametrization. There is, however, a preferred density de-
fined on the S manifold, namely the Fisher information metric volume form√

det g |dθ|.
This is the so-called Jeffreys’ prior.
In the case of exponential families, or generally when some Amari α -

connection is flat (or more generally, when its induced connection on the bun-
dle of volume forms is flat), one may construct other natural reference densi-
ties. The Barndorff-Nielsen formula below shows that Bayesian and likelihood-
ist parameter estimation become asymptotically equivalent, provided that the
Bayesian prior corresponding to ignorance is Jeffreys’ prior.

11.2.11 Barndorff-Nielsen’s Formula

We give a simplified version of the Barndorff-Nielsen formula [36, 5]: for large
samples the maximum likelihood estimator θ̂ is approximately distributed as

p(θ̂) ∼

√
det

(
1
2π
g(θ̂)

)
e−(`(θ̂)−`(θ))

∣∣∣dθ̂∣∣∣
Here θ is the true parameter value, and θ̂ is the maximum likelihood estimator.
The log-likelihood function is denoted by `. Furthermore, as the sample size
grows, `(θ̂)−`(θ) is approximately quadratic close to those points where it is not
too large (i.e. when p(θ̂) is significantly nonzero), so the maximum likelihood
estimator is asymptotically normal. This is true even for Cauchy variables, for
which the central limit theorem does not hold (in the Gaussian sense). The full
Barndorff-Nielsen formula uses the observed information instead of the above
expected information in the determinant factor, and also takes into account
so-called ancillary variables as well as a normalization correction.

11.3 Information Based Guidance

We begin by presenting the information based guidance problem in discrete
time. Consider a random process consisting of independent random variables
Xt, whose probability densities depend on two parameters, θ and u.

p(x, θ, u) |dx|

(all variables are multidimensional, and in general take values in manifolds)
The unknown parameter θ is fixed in time, while the control variable u = ut
may be chosen at each instant. The problem is to sequentially choose ut, based
on earlier observations of the X process, so that some given likelihood-based
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utility function is maximized. Since future values of X are unknown, the utility
function for the whole process will be based on expected future likelihoods. On
the other hand, since the parameter θ is also unknown, the best we can do
is to compute the expectation w.r.t. the probability density corresponding to
the best estimate we have at the actual instant. So the utility function is an
expression in terms of the most likely expectation of the future likelihood.

What utility functions are reasonable? In principle, the pure likelihood-
ist approach would be to aim at a situation where the normalized likelihood
function is less than a prescribed value in a region as small as possible. Some
measure of this smallness has to be chosen, such as the “diameter” in some
metric sense.

In general however, the log-likelihood function quickly assumes the parabolic
shape mentioned in the discussion of the simplified Barndorff-Nielsen formula.
So asymptotically (and in practice, often from the very start on) the relevant
data for the likelihood function are the position of its maximum and the Hessian
there, which equals the Fisher information metric. So instead of considering
“diameters” of general set shapes, we may work with expressions in terms of
the Fisher metric.

11.3.1 The Utility Function

Let g̃ denote a “reference” Riemannian metric on S (the manifold of the θ-
variable). It is meant to represent the importance of a precise parameter de-
termination in different θ-directions at the θ-point in question. It thus defines
an importance scale against which we may judge our information (represented
by the observed Fisher information matrix J ). Directions in which our infor-
mation is higher than the reference (i.e. the specification) are the directions
spanned by those eigenvectors of g̃−1J which correspond to eigenvalues greater
than unity. Suitable utility functions are expressions in terms of the spectrum
of g̃−1J . In this report, following [16], we use the determinant of g̃−1J . This
function has the property, that its maximization is independent of the scaling
metric g̃. It may, however, lead to an unwanted behaviour, as bad precision
in one direction may be compensated for, by a higher precision in another
direction.

In the applications (given in the other chapters) in this report, the S-
manifold is invariably the physical Euclidean plane, over which a UAV moves.
The g̃ is taken as the Euclidean metric itself, represented by the unity matrix in
cartesian coordinates and thereby gets hidden in the matrix formulas. Varying
metrics may be helpful, even in this otherwise very streamlined application,
distinguishing areas in the plane where high measurement precision is necessary,
and areas where it is not.

The choice of the reference metric g̃ and the actual utility function (in terms
of the spectrum of g̃−1J ) are, so to speak, the decision theoretic elements of
the method, while the rest is “pure” inference oriented. Likewise, if a larger
decision theoretic problem is posed, it will typically provide the choices of the
reference metric and the utility function.

11.3.2 Computational Simplification Induced by Symmetry

Suppose that the measurements X are given by an expression in the actual
values of the parameters θ and u plus an additive noise term E.

X = F (θ, u) + E

the noise having the probability density p(e) |de|. This is not so restrictive
as it may seem at first, since any one-dimensional symmetry may be trans-
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formed into a translational symmetry by a change of coordinates. Then, in the
computation of the expected Fisher information metric g, we have relations like

∂ρ

∂θA
= −∂p

∂e

∂F

∂θA

leading to the formula

gρ = gp
∂F

∂θ
⊗ ∂F

∂θ
This means that the information matrix for such a symmetry situation, and
when the measured quantity is scalar, reduces to the computation of the con-
stant scalar “information matrix” of p (or, rather the translational family de-
fined by p).

More complicated transformation models lead to analogous simplifying for-
mulas.

If, furthermore, the function F (θ, u) is invariant under some simultaneous
group action on the unknown parameter θ and the controlled variable u, further
simplifications obviously follow in the computations of the (u-dependent) Fisher
information metric.

In the case of a pure bearings only measurement, the unknown point has
the cartesian coordinates (x, y), the position of the measuring camera is (ξ, η)
and its optical axis is in the direction φ. The point has as camera coordinates
(x̃, ỹ) given by  x̃

ỹ
1

 =

 cosφ − sinφ ξ
sinφ cosφ η

0 0 1

−1  x
y
1


This expression clearly has the property of being invariant under simulta-

neous left-premultiplication by any matrix of the form cosα − sinα β
sinα cosα γ

0 0 1


of both the matrices  cosφ − sinφ ξ

sinφ cosφ η
0 0 1


and  x

y
1


reflecting the Euclidean invariance of the problem.

If it is assumed that the bearing angle arctan ỹ
x̃ is measured with an ad-

ditive error E distributed as p(e) |de|, we see from the above that the Fisher
information metric in terms of the parameters x̃ and ỹ is given by gp s̃ s̃T ,
where

s̃ =
1

x̃2 + ỹ2

(
−ỹ
x̃

)
This rank 1 matrix is then further transformed (by means of the chain rule)

into the Fisher information matrix in terms of the true parameters x and y by
means of the formula gρ = gp s sT where

s =
(

cosφ − sinφ
sinφ cosφ

)
s̃
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11.3.3 The Information Dynamics

Since the measurement errors are independent each measurement adds an inde-
pendent log-likelihood term to the total log-likelihood function `(θ, t). At the
maximum likelihood point θ̂(t) (which for simplicity is assumed to be uniquely
defined) it holds that `

′

θ(θ̂(t), t) = 0 identically in t. If we now consider the
case of time continuous measurements, this identity may be differentiated with
respect to t.

By doing so, solving for ˙̂
θ(t) and expressing the result in tensor notation,

we get

˙̂
θA = −J AB`

′′

θBt(θ̂, t)

where J AB denotes the inverse (the “formation”, in Fisher’s terminology) of
the observed information matrix. Finally, differentiating the formula for the
Fisher information JAB = `

′′

θAθB (θ̂, t) and substituting the dynamics ˙̂
θ(t) of

the estimate, we arrive at

J̇AB = `
′′′

θAθBt(θ̂, t) − `
′′′

θAθBθC (θ̂, t)J CD`
′′

θDt(θ̂, t)

This is the formula, which should be used in the general case. Now, for typ-
ical dynamical estimation problems, the log-likelihood function quickly ap-
proaches an approximately quadratic form (asymptotically so, in any coordi-
nates, and more quickly in particular “linearizing” coordinates), where it holds
that `

′′′

θAθBθC = 0 and that `
′′′

θAθBt is independent of θ. The dynamics for the
Fisher information then simply becomes

J̇AB = `
′′′

θAθBt(θ, t)

So the total observed information increases by additive contributions in the
form of a “rate of information observed at time t” giving an expression for
`

′′′

θAθBt. Information based guidance, then, is the technique of selecting the
control variables, so that the expected future observed information leads to a
maximal utility function.

In the case of the planar bearings-only problem, one choses the successive
ξ, η and φ values in such a way, that the object (at (x, y)) is likely to be seen
from several different angles.

Now, the term `
′′′

θAθBt representing the rate of increase of the observed in-
formation in the approximation mentionned above (the ignored term being
essentially a geometric correction to make the formula truly invariant) is the
Hessian of the rate of increase of of the log-likelihood, which we identify with the
expression log p(Xobs(t), θ, u(t)) from our measurement error model discussed
above. In short we think of the continuous measurement of the process X as
providing “one measurement” (of the above form) per unit time. The contribu-
tion to the observed information J being the Hessian of log p(Xobs(t), θ, u(t))
computed at θ̂(t).

Note that the contribution to the observed information may be negative
for some (unexpected) measurements. This is the case when the new evidence
speaks against the earlier estimate. We also mention that the simplification
(using the “Hessian” term only) is practical and simplifies presentation, but
is not essential to the fundamental step of identifying the rate of observed
information as the “Hessian” of the individual measurement’s log-likelihood.
(The omitted term is part of a geometrically defined hessian, in terms of an
Amari-like connection.) In any case, some assumption similar to `

′′′

θAθBθC = 0
or a coordinate independent version of it has to be done, in order to have a
closed system of differential equations for the filter.
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What we have described so far in this subsection is the actual dynamics
of the estimate and the observed information due to successive actual mea-
surements. When future motion is planned, the evolution of the maximum
likelihood estimate cannot be known in advance, and the best thing we can
do (according to the likelihood philosophy) is to use the present estimate for
calculating estimates of future quantities. Similarly, the values of the hessians
of of future observed contributions to the likelihood function cannot be known
in advance, but the expected information from future measurements may be
calculated as in the previous subsection.

So apart from the actual evolution of our estimation state, driven by the
successive measurements, we have an expected future dynamics given by the
Fisher metric g. It is given by ˙̂

θ = 0 and

J̇AB = gAB(θ̂, u(t))

11.3.4 The Optimal Control Problem

So far, we have referred to the variables u as control variables, which may be
chosen for the optimization of the utility function. These are typically restricted
by static conditions (bounds, inequalities..). There may also be dynamical
conditions, such as bounds on u̇. Generally, we may think of the u-variables as
outputs from a general nonlinear control system of the type

ż = f(z, v)
u = h(z, v)

where z represents the state on some suitable manifold, The full (expected
future) dynamics of the state variables J and z is then given by

ż = f(z, v)

J̇ = g(θ̂, h(z, v))

It is now clear how to formulate an optimal control problem. Given initial
values (at time t0) of z and J and the value of the estimate θ̂(t0), the control
v is chosen (among those satisfying appropriate static constraints) so as to
maximize the final time utility V (J (tend)). The form of the utility function
has been discussed above.

More generally, we may add other terms to the criterion function, such as
an integral constraint on, say, L(z, v). In the surveillance application discussed
in this report, this Lagrangian may contain terms penalizing the sensor plat-
form’s presence in dangerous areas (a penalty on z) or penalizing quick camera
movements (a penalty on v).

In any case, this now has the form of a classical optimal control problem, and
the methods of maximum principle, dynamic programming or direct numerical
methods may be applied. This is discussed at length in other chapters of this
report.

Now, at time t0, the solution of the optimal control problem will give us the
full expected optimal trajectory of the system, and in particular the optimal
choice of the control signal v at time t0. As time proceeds, the actual measure-
ments give other data, than those anticipated in the optimization (changing
both the information matrix and the estimate θ̂(t) itself), so the optimal tra-
jectory calculation has (in principle) to be redone continuously, taking into
account the actual measurements. (In practice, of course, the re-optimization
neither can nor needs to be done on-line “continuously”.)
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Summarizing, optimization in terms of the expected information dynamics
gives us the present choice of control variables to put into the observed infor-
mations dynamics (the actual dynamics of the system), which in turn provides
a new initial state for the “next” optimization problem.

11.3.5 Moving Targets

In this chapter we have formulated the information based guidance problem as
one of parameter estimation. It is clear that this is appropriate if the purpose
of the system is to localize static targets, or constructing a map. If the target
points move according to a known (practically stable) dynamics, the problem
still has the same form, the parameters being, say, the initial position of the
moving target.

If the dynamics is not fully known, a worst case approach may be appro-
priate. (It is usually the case that there is a known bound on the acceleration
of a target.) A stochastic model of the target’s motion is often assumed in the
literature. This leads to the complicated problem of nonlinear filtering, and
the powerful methods of Fisher information do not apply. In some situations,
modelling unknown motions of the target by a stochastic process may be a
reasonable representation of what is known about the target, in other cases a
detailed stochastic model is an unjustified ad hoc assumption.

A heuristic approach to taking into account unknown dynamics of the target
is to postulate an aging of the information. Old data can be given lower weight
in the calculation of the likelihood function, much as if old data had been
obtained by noisier measurements. This would lead to modified information
dynamics both for the observed information, and for the expected information.
In the case of expected information, a modified dynamics may read

J̇ = −κJ + g(θ̂, u(t))

and similarly for the observed information (with the same κ). The “dissipative”
term −κJ in the dynamics will typically have the effect that there will be a
bound on how precise the parameters may be determined. The same effect is
obtained with a quadratic dissipative term of the form −κJKJ , where K is
a positive symmetric matrix characterizing the “aging”.

By such heuristic “aging” terms in the dynamics, one may motivate the
Riccati equation form of the information filter, used by [16] and in the rest of
this report, within the Fisher information framework. The particular quadratic
form of aging, and its accompanying Riccati equation form where originally
motivated by reference to the Kalman filter, and more generally to the extended
Kalman filter.

11.4 Large Problems From Smaller Constituents

In the present chapter, the discussion has been kept at a quite abstract level,
the only concrete example being an idealized planar bearings-only problem,
determining the position of one single point. We will now indicate how this
problem formulation allows generalizations to larger problems, by systematic
operations. The discussion will be in terms of this particular problem, but the
principles and the systematics is general.

11.4.1 Several Target Points

Suppose that there are N target points and that the sensor can distinguish be-
tween these (due to e.g. different “color”). The space of unknown parameters
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is now the cartesian product of N Euclidean planes. A point in this space rep-
resents the simultaneous positions of all the N target points. Each point gives
rise to an individual bearings component in an N -dimensional measurement
vector X. The camera platform’s position and heading are our control vari-
ables. The utility function may be constructed from the (large) information
matrix and an appropriate scaling metric (some target points may be more
important than others).

11.4.2 Several Camera Platforms

What has been said about several target points, also holds for several camera
vehicles (with full communication). If there are N1 cameras, each target point
will lead to N1 components in the measurement vector. There will be 3N1

control variables, corresponding to the cameras’ positions and headings.
If the Lagrangian is such that large motions are penalized, the cameras will

typically move in a way that is globally economic, each camera’s motion being
determined so that the total cost becomes minimal.

11.4.3 Occlusion, Aperture Limitations etc.

Occlusion, limited aperture, finite range of sight and spatially varying optical
properties are all examples of effects that break the symmetry of the idealized
problem formulation. Otherwise the general problem setting still applies. An
interesting question is whether or not (or to what extent) such problems may
be simplified or better understood by insights into the corresponding idealized
group invariant problem.

11.4.4 Target Semantics

In the whole discussion above, the canonical problem is one of determining the
positional coordinates of a set of distinguishable target points. The principles
of information based guidance may however be used for much more general situ-
ations than those. In any application, though, one must have some prior model
of the world. Suppose we have a family of possible “photographic pictures”,
e.g. two possible types of vehicles, each seen from all possible angles. For a
given noise model, we may calculate likelihoods for different original pictures,
given some measurements. By adjusting camera parameters and by utilizing
any motional freedom for the sensor platform, we may use information based
guidance to classify the target (as well as determining its position).
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12 Conclusions

12.1 Summary

This report is concerned with UAV surveillance, i.e. a UAV with a gimballed
EO/IR-sensor searches for objects and once found, the object should be local-
ized. In particular an information-theoretic approach is presented.

Technically, information is a measure of the accuracy to which the value
of a parameter or stochastic variable is known. There are two commonly used
formal definitions of information, the Entropic information and Fisher infor-
mation. An information matrix is constructed from the states representing the
features, e.g. objects and area grid points. A utility function is defined based
on the information matrix and the planning process is to find optimization
parameters (control signals or path points) that maximize the utility function
at the planning horizon.

Different parameters are discussed, such as different utility functions, time
horizon and prior information. The methods are applied to one object local-
ization, n objects localization, as well as area exploration. The method is also
extended with a sensor gimbal model and occlusion models.

A general planning hierarchy is proposed based on a NURBS signal rep-
resentation. With this planning hierarchy the optimization problem is solved
in a number of steps. In general, the solution at one level serves as the start
solution in the next level and the models, e.g. of the environment, are more de-
tailed at every level. The short term planning is using the information theoretic
approach, but for the long term planning a graph search method is proposed.

12.2 Conclusions

The information-theoretic approach is very promising, but several optimiza-
tion issues remain open. However, these issues are not primarily due to the
choice of approach, but stem from the very complex nature of the problem that
we are trying to solve. The information-theoretic approach has several advan-
tages. It is straight forward to generate utility measures in term of information
that captures the nature of the problem in an intuitive way. Information is
also connected to probability distributions, which are used to describe the un-
certainties of the feature estimation. For instance, in the object localization
example, the information is appropriate since the more information you have
about an object, the better localization you get. The information-theoretic ap-
proach is also very suitable for decentralized and/or multi-sensor applications.
Assuming that sensor observations are conditionally independent, the fusion
step from different sensors becomes remarkably straightforward.

From the theoretical point of view, the information-theoretic approach has
the advantage of having simple transformational properties. This allows its
formulation also when highly nonlinear mappings are involved, as is the case
for the sensor systems discussed in this report.

The problem considered in this report is very complex since it is non-convex
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and non-linear. Therefore, there is no guarantee that the optimization routine
finds the global optimum. However, in many applications it is not required that
the exact global optimum is found, a reasonably good feasible solution is often
enough. In the quest to find such a solution, the elements of problem formu-
lation, path/signal representation, utility function and choice of optimization
algorithm are all equally important.

12.3 Future Work

There are many questions and problems left for the future work:

• The optimization routines are crucial. More algorithms should be re-
viewed and evaluated.

• More research and evaluations of different utility functions and path rep-
resentations must be done.

• The proposed planning hierarchy must be thoroughly evaluated and tested.
Robustness must be guaranteed.

• Models of environment (occlusion) based on hardware accelerated com-
puter graphics has been developed, but not thoroughly tested.

• Better vehicle and sensor models should be developed (this is connected
to the choice of path representation). The navigation uncertainties should
be taken under considerations.

• More research in the cooperating platforms problem.

• Geometrical corrections to the filter update equation, corresponding to a
geometrical version of the current assumption that `

′′′

θAθBθC = 0.

• A theoretical investigation of the filter’s performance based on the asymp-
totical properties of the likelihood function.
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